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Noncommutative Space-Time

Quantum mechanics: position and momentum measurements complementary

[x̂i, p̂j] = x̂ip̂j − p̂jx̂i = i hδij ⇒ ∆xi · ∆pj >
 h
2
δij

Analog: postulation of noncommutative space-time

[x̂µ, x̂ν] = iθµν = i
Cµν

ΛNC
2 ⇒ ∆x̂µ · ∆x̂ν >

θµν

2

no experimental evidence yet
possible, as long as the characteristic length scale lNC = 1

ΛNC
small

enough compared to the characteristic scales of present experiments
introduces a minimal area / maximal energy:

ANC =
1
Λ2

NC
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Motivation

Theoretically, hypothesis/appearance of length/area scale:
historically regularisation of infinites in QFT [Heisenberg/Pauli/Snyder]

NCQFT as low energy limit of string theories [Seiberg/Witten]

incorporation of quantum gravity: quantization of space-time
NCQFT as intermediate regime between QFT and string theory

No predictions for ΛNC!

Current model dependent bounds on the noncommutative scale ΛNC:
ΛNC > 141 GeV (OPAL: e+e− → γγ in NCQED [Abbiendi et al.])
ΛNC ∼ 80 GeV . . . 108 TeV (supernova cooling, . . ., γ/p above GZK cutoff)
ΛNC & 10 TeV . . . 5 · 1014 GeV (interferometry, . . ., Lorentz-tests)
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Realisation of a NCQFT

Canonical noncommutativity: θµν constant 4× 4-matrix:

[x̂µ, x̂ν] = iθµν = i
1

ΛNC
2C

µν = i
1

ΛNC
2


0 −E1 −E2 −E3

E1 0 −B3 B2

E2 B3 0 −B1

E3 −B2 B1 0



Effective lagrangians

Leff. = · · ·+ gψ̄(x̂)γµ(1 − γ5)ψ(x̂)Wµ(x̂) + · · ·

with product of functions of noncommuting variables

(fg)(x̂) = f(x̂)g(x̂)

realised by Moyal-Weyl ?-products of functions of commuting variables:

(f?g)(x) = f(x)e
i
2
←−
∂µθµν

−→
∂ν

g(x) = f(x)g(x) +
i
2
θµν

∂f(x)

∂xµ

∂g(x)

∂xν
+ O(θ2)

Note: [xµ
?, xν](x) = (xµ?xν)(x) − (xν?xµ)(x) = iθµν = [x̂µ, x̂ν]
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Seiberg-Witten-Maps

NC generalization of the SM Lagrangian:

Replace products in L with Moyal-Weyl ?-products:

LSM = iψ̄ /Aψ+ · · · −→ LNC = iψ̄?/A?ψ+ · · ·

Problem: only U(N)-gauge theory on NC space-time possible

[Aa
µT

a ?, Ab
νT

b] =
1
2

{Aa
µ

?, Ab
ν}[Ta, Tb] +

1
2

[Aa
µ

?, Ab
ν]{Ta, Tb}

is not in Lie Algebra, but in Enveloping Algera

Solution: express noncommutative fields by commutative fields

Aµ, Ψ, λ→ Âµ[ A, θ], Ψ̂[Ψ,A, θ], λ̂[λ,A, θ]

and NC gauge transformations through ordinary gauge
transformations:

Âρ(A, θ) + δλÂρ(A, θ) !
= Âρ(A+ δλA, θ)

Ψ̂(Ψ,A, θ) + δλΨ̂(Ψ,A, θ) !
= Ψ̂(A+ δλA,Ψ+ δλΨ, θ)

“Gauge Equivalence Conditions”
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Seiberg-Witten-Maps

⇒ Seiberg-Witten-maps(SWM), as power series in θ

Âµ(x) = Aµ(x) +
1
4
θρσ

{
Aσ(x),∂ρAµ(x) + Fρµ(x)

}
+ O((θµν)2)

Ψ̂(x) = Ψ(x) +
1
2
θρσAσ(x)∂ρΨ(x) +

i
8
θρσ

[
Aρ(x),Aσ(x)

]
Ψ(x) + O((θµν)2)

λ̂(x) = λ(x) +
1
4
θρσ

{
Aσ(x),∂ρλ(x)

}
+ O((θµν)2)

Leave Lie Algebra and enter Universal Enveloping Algebra (UEA)
Not unique: homogenous solution to gauge equivalence condition

at O(θ): field redefinitions ⇒ no influence on observables
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NCSM à la Wess et al.

Noncommutative SU(3)C×SU(2)L×U(1)Y effective th. as expansion in O(θ):
replace usual “·” products by “?” products
replace fields by their Seiberg-Witten maps

e.g. Sfermions =

∫
d4x

(∑
f

Ψ̂fL?i /̂DΨ̂fL +
∑

f

Ψ̂fR?i /̂DΨ̂fR

)

⇒ NC-corrections to SM-interactions:

εµ(k)

u(p)

ū(p ′)

= −
g

2
[
kθµ/p− pθµ/k− (kθp)γµ

]

⇒ New interactions:

εµ(k1)

εν(k2)

u(p)

ū(p ′)

=

−
g2

2
[
k2θ

µγν − k1θ
µγν − θµν/k1

+ (µ↔ ν,k1 ↔ k2)
]
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NCSM à la Wess et al.

In the enveloping algebra, the trace

Sgauge = −
1
2

∫
d4x Tr

(
F̂µν?F̂µν

)
depends on the representation:

Minimal NCSM → no triple neutral gauge boson interactions
Nonminimal NCSM → new interactions: γγγ, Zγγ, ZZγ, . . .

εµ1(k1)

εµ2(k2)

εµ3(k3)

= iKZγγ · . . .

K1K2

K3

K5

K6

K4

−0.1 0 0.1 0.2

−0.4
−0.3
−0.2
−0.1

0
0.1

KZZγ

KZγγ

coupling constants not unique, yet constrained from matching the SM at
θ→ 0
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Partonic Cross Sections

ff̄→ γγ, Zγ, ZZ @ O(θ)

Standard Model:

ASM
t = ASM

u =

NCSM:

ANC
t,1 = ANC

t,2 =

ANC
u,1 = ANC

u,2 =

ANC
c = ANC

s,γ = ANC
s,Z =
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Partonic Cross Sections

ff̄→ Zγ

Discriminative effect: azimuthal dependence of cross sections
antisymmetric in cos θ for ~E , 0 (symmetric for ~B , 0!)
dependency on ~E stronger than on ~B

φ

SM

cos θ = +0.05

~E = (1, 0, 0)
√

s = 1 TeV

ΛNC = 1 TeV, (KZγγ, KZZγ) = (−0.333, 0.035)

0 2 4 6

0.0155

0.016

0.0165

0.017

0.0175

0.018

0.0185

dσ
dΩ

/pb
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Partonic Cross Sections

ff̄→ Zγ

Nonminimal NCSM (Ki , (0, 0)):
(differential) cross sections depend on sign(Qf):

dσ
dΩ

=
dσ
dΩ SM

+
dσ′

dΩNC
(θ,Q4

f) +
dσ′′

dΩ NC
(θ, |Qf|

3, sign(Qf),KZγγ,KZZγ)

contribution of s-channel diagrams (Ki , (0, 0)):
cancellation or enhancement of noncommutative effects, depending on
the scattered particles
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Partonic Cross Sections

uū→ Zγ

dependency on the coupling constants Ki:

dσ
dΩ

/pb

φ

SM

K0

K1

K5

cos θ = 0.8

~E = (1, 0, 0), ~B =~0
√

s = 1 TeV

ΛNC = 1 TeV

0 2 4 6

0.05
0.06
0.07
0.08
0.09
0.1

0.11

K1K2

K3

K5

K6

K4

K0

KZγγ

−0.1 0 0.1 0.2

−0.4
−0.3
−0.2
−0.1

0
0.1

KZZγ

p(uud)p(uud) scattering (LHC) partially sensitive on noncommutative
effects
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Partonic Cross Sections

e+e− → Zγ

dependency on the coupling constants Ki:

dσ
dΩ

/pb

φ

K0

K1

K5

cos θ = 0.8

~E = (1, 0, 0), ~B =~0
√

s = 1 TeV

ΛNC = 1 TeV

0 2 4 6

0.1

0.12

0.14

0.16

0.18

0.2

0.22

K1K2

K3

K5

K6

K4

K0

KZγγ

−0.1 0 0.1 0.2

−0.4
−0.3
−0.2
−0.1

0
0.1

KZZγ

sensitivity of e+e− scattering (ILC) complementary to LHC
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LHC

Experiment in the near future: LHC

Convolution with Parton Distribution Functions:

P1

P2

x1P1

x2P2

γ

Z

D(x1,Q2)

D(x2,Q2)

QCD

QCD

NCSM

CMS(quarks) , CMS(protons) = laboratory frame
Significative boost along beam axis
Complicated kinematics
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LHC

pp→ Zγ→ e+e−γ @ O(θ)

Discriminative effect: azimuthal dependence of cross sections
Effect ∝

√
s∗/ΛNC ⇒ me+e−γ > 220 GeV

Validity of O(θ) approximation ⇒ me+e−γ < 1 TeV
Effect antisymmetric in cos θ∗γ ⇒ 0 < cos θ∗γ < 0.9
Separation of qq̄ from q̄q initial state: 〈xvalence〉 � 〈xsea〉
⇒ Z and γ in the same hemisphere: cos θZ,γ > 0

event
generation

using
WHIZARD

φ

NCSM O(θ)
SM

∫
L = 300 fb−1,

√
s = 14 TeV

∫
L = 300 fb−1,

√
s = 14 TeV

ΛNC = 0.6 TeV, ~E = (1, 0, 0)

(KZγγ, KZZγ) = (0.095, 0.155)

0 2 4 6
0

50

100

150

#e
ve

nt
s
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LHC

Likelihood-Fits: e+e− channel,
√
s = 14 TeV, 100 fb−1, ΛNC = 500 GeV

1E
-0.4 -0.2 0 0.2 0.4

2E

-0.4

-0.2

0

0.2

0.4

1E
-0.4 -0.2 0 0.2 0.4

1
B

-0.4

-0.2

0

0.2

0.4

1E
-1.5 -1 -0.5 0 0.5 1 1.5

2
B

-1.5

-1

-0.5

0

0.5

1

1.5

just kinematical correlations of (E1,B2) and (E2,B1) due to Lorentz-boost
along beam axis x3

θµν =
Cµν

Λ2
NC

: Cµν → Λµ
ρΛ

ν
σC

ρσ

E1 → γ(E1 − βB2) B1 → γ(B1 + βE2)

E2 → γ(E2 + βB1) B2 → γ(B2 − βE1)

E3 → E3 B3 → B3

with β = v/c and γ = 1/
√

1 − β2

measurements of (E1,B2) and of (E2,B1) correlated by 〈β〉
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LHC

Parton CMS: dependency on ~E much stronger than on ~B,
(except for cos θ∗γ = 0)

Proton CMS: ~E and ~B mixed by Lorentz-boost

⇓

~E , 0 and ~B = 0: boost-induced ~B component negligible
~B , 0 and ~E = 0: boost-induced ~E component major contribution

⇓
(0 < cos θ∗γ < 0.9 ∧ −0.9 < cos θ∗γ < 0)

effective measurement only in ~E direction

NC effect antisymmetric in cos θ∗γ for ~E , 0

NC effect symmetric in cos θ∗γ for ~B , 0

⇓
(−0.9 < cos θ∗γ < 0.9)

cancellation of ~E-type noncommutativity,
pure measurement of ~B type noncommutativity
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LHC

LHC sensitivity on ΛNC:

(KZγγ,KZZγ) |~E|2 = 1, ~B = 0 ~E = 0, |~B|2 = 1

K0 ≡ (0, 0) (mNCSM) ΛNC & 1 TeV -

K1 ≡ (−0.333, 0.035)(nmNCSM) - -

K5 ≡ (0.095, 0.155)(nmNCSM) ΛNC & 1.2 TeV -

LHC not sensitive on ~B directions
LHC not sensitive for certain values of the
triple gauge boson couplings
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ILC

Future experiment: ILC

e+e− → Zγ @ O(θ)

high luminosity, (almost) no boost
NC effects observable also in the pT distribuiton
(not detectable with the LHC)
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∫
L = 500 fb−1,
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∫
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ILC

e+e− → Zγ @ O(θ)

Discriminative effect: azimuthal dependence of cross sections
Simple initial state ⇒ simpler cuts
Only beam-strahlung ⇒ negligible boost
~E , 0: antisymmetry in cos θγ ⇒ 0 < cos θγ < 0.9
~B , 0: symmetry in cos θγ ⇒ −0.9 < cos θγ < 0.9

φ
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ILC

Likelihood-Fits for e+e− → Zγ:
√
s = 500 GeV, 500 fb−1, ΛNC = 500 GeV

1E
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ILC sensitivity on ΛNC:

(KZγγ,KZZγ) |~E|2 = 1, ~B = 0 ~E = 0, |~B|2 = 1

K0 ≡ (0, 0) (mNCSM) ΛNC & 2 TeV ΛNC & 0.4 TeV

K1 ≡ (−0.333, 0.035) (nmNCSM) ΛNC & 5.9 TeV ΛNC & 0.9 TeV

K5 ≡ (0.095, 0.155) (nmNCSM) ΛNC & 2.6 TeV ΛNC & 0.25 TeV

K3 ≡ (−0.254, −0.048)(nmNCSM) ΛNC & 5.4 TeV ΛNC & 0.9 TeV
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ILC

Another advantage of the clean initial state at ILC:

fixed initial scattering energy ⇒ control over s/Λ2
NC

at LHC: regions in phase space with large
√
ŝ/ΛNC ⇒ negative cross

section

⇒second order in θ needed
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Conclusions

QFT on NC space-time realised by means of Moyal-Weyl ? product and
Seiberg-Witten maps
⇒ NCSM as an effective theory, here up to O(θ)

LHC: sensitive only on time-like noncommutativity and certain values of
(KZγγ,KZZγ)

LHC: ΛNC & 1.2 TeV

ILC: complementary to LHC
ILC: sensitivity on time- and
space-like noncommutativity and all
values of (KZγγ,KZZγ)

ILC: ΛNC & 0.4 TeV − 5.8 TeV
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