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al
ulationsAlgorithm � from tree-level to one-loop amplitudesPreliminary results � work in progress
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NLO calculationsLessons learned from LEP, HERA, Tevatron:LO predi
tions are �ne, yet often give rough estimates onlynew experiments 
omplex pro
esses 
ontaining multijet �nal states
orre
t interpretation of data a

urate theoreti
al des
riptions are requiredNLO: 1st real predi
ition of normalization of many observablesless sensitivity to unphysi
al input s
ales (µF & µR)more physi
s (parton merging, jet substru
ture, ISR, more IS parton spe
ies)

Components of NLO 
al
ulationstree-level amplitudes (LO & real radiation) one-loop 
orre
tion to Born level subtra
tionterms to handle and 
ombine singularities phase-spa
e generator
omputational algorithms based on Feynman diagram 
al
ulations are of exponential 
omplexitythe real bottlene
k, virtual 
orre
tions (tensor-integral redu
tions generate large # of terms)� tree level: algorithms of polynomial 
omplexity exist ( )re
ursive methods e�
iently re-use re
urring groups of o�shell Feynman graphs� loop level: unitarity-
ut methods fa
torize one-loop into tree amplitudes
omputing time grows with # of 
uts & depends on algorithm employed at tree levelGoal provide algorithm(s) [tools℄ of polynomial 
omplexity to 
al
ulate virtual 
orre
tions
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NLO calculationsLessons learned from LEP, HERA, Tevatron:LO predi
tions are �ne, yet often give rough estimates onlynew experiments 
omplex pro
esses 
ontaining multijet �nal states
orre
t interpretation of data a

urate theoreti
al des
riptions are requiredNLO: 1st real predi
ition of normalization of many observablesless sensitivity to unphysi
al input s
ales (µF & µR)more physi
s (parton merging, jet substru
ture, ISR, more IS parton spe
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tion to Born level + subtra
tionterms to handle and 
ombine singularities + phase-spa
e generator
omputational algorithms based on Feynman diagram 
al
ulations are of exponential 
omplexitythe real bottlene
k, virtual 
orre
tions (tensor-integral redu
tions generate large # of terms)� tree level: algorithms of polynomial 
omplexity exist (τ ∼ N#)re
ursive methods e�
iently re-use re
urring groups of o�shell Feynman graphs� loop level: unitarity-
ut methods fa
torize one-loop into tree amplitudes
omputing time grows with # of 
uts & depends on algorithm employed at tree levelGoal provide algorithm(s) [tools℄ of polynomial 
omplexity to 
al
ulate virtual 
orre
tions
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Unitarity te
hniques for 1-loop amplitudes

a
tive �eld of resear
h ...

Britto et al.Bern et al. � Bla
kHat proje
t and 
ode.Ossola et al. � CutTools 
ode.Ellis et al. � Ro
ket S
ien
e.

This work is based on �
[ELLIS, GIELE, KUNSZT, ARXIV:0708.2398] 4DIM METHOD, CUT-CONSTRUCTIBLE PART

[GIELE, KUNSZT, MELNIKOV, ARXIV:0801.2237] DDIM METHOD, RATIONAL PART

[GIELE, ZANDERIGHI, ARXIV:0805.2152] APPLICATION OF DDIM METHOD TO PURE GLUONS
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Decomposing one-loop amplitudesinto a linear sum of s
alar box, triangle, bubble and tadpole master integrals(
ut-
onstru
tible part) and rational terms

AN ({pi}) =
X

[i1|i4]

di1i2i3i4I
(D)
i1i2i3i4

+
X

[i1|i3]

ci1i2i3I
(D)
i1i2i3

+
X

[i1|i2]

bi1i2I
(D)
i1i2

+
X

[i1|i1]

ai1I
(D)
i1

+RN

master integrals known in literatureand implemented in various 
odes, e.g. QCDLoop [ELLIS, ZANDERIGHI] (QCDLoop.fnal.gov)to do: determination of the master-integral 
oe�
ients unitarity te
hniquesproblem: extra
tion of lower-point 
oe�
ients�subtra
ting terms already in
luded in higher-point 
ontributions�solution: identify subtra
tion terms at the integrand level [OSSOLA, PAPADOPOULOS, PITTAU]partial fra
tioning of the integrand: expand over 4,3,2,1 propagator termsresidues of pole terms 
ontain master-integral 
oe�
ient plus �nite number of spurious termsspurious terms vanish upon integrationnote that [i1, iM ] = 1 ≤ i1 < i2 < . . . < iM ≤ Nand I
(D)
i1...iM

=

Z

d
D

ℓ
1

di1 . . . diM
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[ELLIS, GIELE, KUNSZT]

re-expressing the integrand

AN ({pi}, ℓ) =
N ({pi}, ℓ)

d1d2 . . . dN

=

X

[i1|i4]

d̄i1i2i3i4(ℓ)

di1di2di3di4

+
X

[i1|i3]

c̄i1i2i3(ℓ)

di1di2di3

+
X

[i1|i2]

b̄i1i2(ℓ)

di1di2

+
X

[i1|i1]

āi1(ℓ)

di1solve for numerator fa
tors:need to �nd ℓ = ℓi1...iM

su
h that dj(ℓi1...iM
) = 0 for j = i1, . . . , iMde�ne Resi1...iM

(AN (ℓ)) = {di1(ℓ) . . . diM
(ℓ) ×AN (ℓ)}|ℓ=ℓi1...iM

then

d̄i1i2i3i4(ℓ) = Resi1i2i3i4(AN (ℓ)) , c̄i1i2i3(ℓ) = Resi1i2i3

0

@AN (ℓ) −
X

[j1|j4]

d̄j1j2j3j4(ℓ)

dj1dj2dj3dj4

1

A , . . .

�nd parametri
 (most general) form of residues, removing spurious termsbox 
oe�
ient: d̄i1i2i3i4(ℓ) = di1i2i3i4 + (ℓn4) d̃i1i2i3i4

Z

d
D

ℓ
d̄i1i2i3i4(ℓ)

di1di2di3di4

= di1i2i3i4

Z

d
D

ℓ
1

di1di2di3di4

= di1i2i3i4 Ii1i2i3i4
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Disentangling the rational part
[GIELE, KUNSZT, MELNIKOV]by generalizing the unitarity method to higher dimensionskeep momenta and polarization ve
tors of external parti
les in 4Dinteger dimensionality for virtual parti
les: 2 sour
es, loop momentum → D,spin-polarization states → Ds, and ensure Ds ≥ D
ontinuation to non-integer dimensions on
e 
oe�
ients determined (s
hemes: 'tHV, FDH)

A
(Ds)
N

({pi}, ℓ) =
N (Ds)({pi}, ℓ)

d1d2 . . . dN

=

X

[i1|i5]

ē
(Ds)
i1i2i3i4i5

(ℓ)

di1di2di3di4di5

+
X

[i1|i4]

d̄
(Ds)
i1i2i3i4

(ℓ)

di1di2di3di4

+
X

[i1|i3]

c̄
(Ds)
i1i2i3

(ℓ)

di1di2di3

+
X

[i1|i2]

b̄
(Ds)
i1i2

(ℓ)

di1di2

+
X

[i1|i1]

ā
(Ds)
i1

(ℓ)

di1loop momentum e�e
tively has only 4+1 
omponents: N (ℓ) = N (Ds)(ℓ1..4,−ℓ25 − . . . − ℓ2
D

)dependen
e of N on Ds is linear: N (Ds)(ℓ) = N0(ℓ) + (Ds − 4)N1(ℓ)

ē
(Ds)
i1i2i3i4i5

(ℓ) = Resi1i2i3i4i5 (A
(Ds)
N

(ℓ)) , d̄
(Ds)
i1i2i3i4

(ℓ) = Resi1i2i3i4

2

4A
(Ds)
N

(ℓ) −
X

[j1|j5]

ē
(Ds)
j1j2j3j4j5

(ℓ)

dj1dj2dj3dj4dj5

3

5parametri
 form of Res has larger stru
ture some new terms not spurious, 4 new master integralsbox 
oe�
ient: d̄
(Ds)
i1...i4

(ℓ) = d
(0)
i1...i4

+ (ℓn4) d
(1)
i1...i4

+ s2
e [d

(2)
i1...i4

+ (ℓn4) d
(3)
i1...i4

] + s4
e d

(4)
i1...i4
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Generating loop momentaunder the 
onstraint that the inverse propagators vanish

dj(ℓi1...iM
) = 0 for j = i1, . . . , iMde�nition is: di = di(ℓ) = (ℓ + q̃i)

2 − m2
i = (ℓ + qi − qiM

)2 − m2
iwhere qi =

Pi

j=1 pj
ut 
on�guration is: i1 . . . iMparametrize loop momentum in D dimensions (αi = ℓni)
ℓi1...iM

= Vi1...iM
+

D
X

j=M

αjnj

α
2
M = −V

2
i1...iM

+ m
2
iM

− α
2
M+1 − . . . − α

2
D

physi
al spa
e de�ned by external parti
les, (sum of) in�ow momenta Vi1...iMorthogonal to physi
al: trivial spa
e spanned by nM , . . . , nD (re-using n's for other 
uts)make use of van Neerven�Vermaseren basis (involves 
al
ulation of (large) determinants)leaves enough freedom in 
hoosing loop momentum ℓ
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Parametric forms of residuesgenerating the �Right-Hand-Side� (RHS) of the equation for the numerator fa
torsuse freedom in 
hoosing ℓ to �nd 
oe�
ients, s2
e = −

PD

j=5 α2
j (
lever α 
hoi
es possible)

ē
(Ds)
i1i2i3i4i5

(ℓ) = s
2
e e

(0)
i1i2i3i4i5

d̄
(Ds)
i1i2i3i4

(ℓ) = d
(0)
i1i2i3i4

+ α4 d
(1)
i1i2i3i4

+ s
2
e [d

(2)
i1i2i3i4

+ α4 d
(3)
i1i2i3i4

] + s
4
e d

(4)
i1i2i3i4

c̄
(Ds)
i1i2i3

(ℓ) = c
(0)
i1i2i3

+ α3 c
(1)
i1i2i3

+ α4 c
(2)
i1i2i3

+ 4 more + s
2
e [c

(7)
i1i2i3

+ α3 c
(8)
i1i2i3

+ α4 c
(9)
i1i2i3

]

b̄
(Ds)
i1i2

(ℓ) = b
(0)
i1i2

+ α2 b
(1)
i1i2

+ α3 b
(2)
i1i2

+ α4 b
(3)
i1i2

+ 5 more + s
2
e b

(9)
i1i2

ā
(Ds)
i1

(ℓ) = a
(0)
i1

+ α1 a
(1)
i1

+ α2 a
(2)
i1

+ α3 a
(3)
i1

+ α4 a
(4)
i1solving: make X 
hoi
es of ℓ to solve for X 
oe�
ients
ut-
 part: D = Ds = 4rational part: D > 4, (1st) Ds = D + 1 (2nd) Ds = D to eliminate Ds dependen
e of LHSin prin
iple, in�nite # of equations for a �xed # of unknowns Coe�
ients 
an be �tted!
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Generating the Left-Hand-SideWhat is Resi1...iM
(A(Ds)

N (ℓ)) ?

= { di1(ℓ) . . . diM
(ℓ) ×AN (ℓ) }|di1

(ℓ)=···=diM
(ℓ)=0requires 
al
ulation of fa
torized un-integrated one-loop amplitudeunitarity 
uts: M on-shell propagators, amplitude fa
torizes into M tree-level amplitudes

Resi1...iM
(A

(Ds)
N (ℓ)) =

Ds−2
X

{λ1,...,λM}=1

 

M
Y

k=1

M(0)
“

ℓ
(λk)
ik

; pik+1, . . . , pik+1
;−ℓ

(λk+1)

ik+1

”

!

two Ds dimensional gluons with 
omplex momenta and Ds − 2 polarization states (ℓik
= ℓ + q̃ik

)
onstru
t polarizations following method for n ve
torsBerends�Giele re
ursion relationsto 
al
ulate tree-level amplitudesvery e
onomi
al s
hemeLHS:�rst 
orre
t for Ds dependen
e,then take subtra
tions into a

ount
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Colour-ordered one-loop amplitude


oe�
ients are now independent of dimensionalitydimensionality 
an now be 
ontinued to 4 − 2 ǫ

Acc
N =

X

[i1|i4]

d
(0)
i1i2i3i4

I
(4−2ǫ)
i1i2i3i4

+
X

[i1|i3]

c
(0)
i1i2i3

I
(4−2ǫ)
i1i2i3

+
X

[i1|i2]

b
(0)
i1i2

I
(4−2ǫ)
i1i2

RN = −
X

[i1|i4]

d
(4)
i1i2i3i4

6
+
X

[i1|i3]

c
(7)
i1i2i3

2
−
X

[i1|i2]

„

(qi1 − qi2)
2

6
−

m2
i1

+ m2
i2

2

«

b
(9)
i1i2
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C++ codeAnother tool ... Ro
ket (Ru
ola) was already laun
hed [GIELE, ZANDERIGHI]independent implementation (from s
rat
h, no translation of Fortran routines)allows for independent x
he
ks of unitarity method and its resultsknowing the tool is knowing the methods, and knowing the detailsC++ ... di�erent philosophy ... modularity, transparen
yallows for 
ombination with other C++ 
odes ... potentially ... COMIX ... Gleisberg's automatedCS subtra
tion ... Sherpa ...N external gluons & their polarizations (leading-)
olour-ordered 1-loop amplitude (FDH)x
he
ks on numbers
oe�
ients itself, poles (known analyti
ally), �nal numbers (analyti
 and other 
al
ulations)gauge invarian
e, 
hoi
e of ℓ, dimensionality (D and Ds variation)a

ura
y and numeri
al stability
εdp,sp = log10

|A
(1)(dp,sp)
N,C++ −A

(1)(dp,sp)
N,anly |

|A
(1)(dp,sp)
N,anly |

, εfp = log10

2 |A
(1)(fp)
N,C++[1] −A

(1)(fp)
N,C++[2]|

|A
(1)(fp)
N,C++[1]| + |A

(1)(fp)
N,C++[2]|e�
ien
y � s
aling of 
omputing time with # of legs N → τ ∼ N9
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Accuracy(preliminary) (all 
al
ulations in double pre
ision only)peak positions are �ne, tails seem OK, 
omparable to Ro
ketneed to investigate on the bumpy stru
tures for sp, fp around εX = −1 (more PSP needed!)losing �nite-part pre
ision with N = 10, 11, lost for N = 15(double pre
ision not enough, too many large numbers involved)
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Accuracy(preliminary) (all 
al
ulations in double pre
ision only)

range of numbers in
reases with N � Gram dets of external gluons and e
(0)
ijklm


oe�
ients maybe
ome small and large, respe
tively
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Correlations(preliminary) (all 
al
ulations in double pre
ision only)pre
ision of �nite term partly 
orrelated with smallness/largeness of Gram dets/
oe�
ientsstill other denominators that 
an be
ome smalle.g. the leftover dj in the subtra
tion terms (even when 
oe�
ients are not large)
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Correlations(preliminary) (all 
al
ulations in double pre
ision only)pre
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tion terms (even when 
oe�
ients are not large)
(++−−...)

(1)
A N=11

fin
ite

 p
ar

t
ε

−16

−14

−12

−10

−8

−6

−4

−2

0

2

4

|
(min)

)
k

|GramDet(v
10

log
−10 −8 −6 −4 −2 0 2 4

(++−−...)
(1)

A N=11

fin
ite

 p
ar

t
ε

−16

−14

−12

−10

−8

−6

−4

−2

0

2

4

|
(max)

|Ecff
10

log
0 2 4 6 8 10 12 14 16 18 20

Jan Winter LCWS08, November 19, 2008 – p.14



Correlations(preliminary) (all 
al
ulations in double pre
ision only)left: 
orrelation between single-pole and �nite-part a

ura
yright: whi
h e
(0)
ijklm


oe�
ient o

urs when external-gluon Gram det is minimal?
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Speed of the calculation(preliminary) (all 
al
ulations in double pre
ision only)
he
k for algorithm of polynomial 
omplexity (τ ∼ Nx)
he
k fra
tions: x = ln
τN+1
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Basi
 tool is set up and running

... there's mu
h more to do ...!!!
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