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Calculating gluon one-loop amplitudes numerically

[Linear Collider Workshop 2008]

Jan Winter 2

— Fermilab -

® Next-to-leading order calculations
® Algorithm — from tree-level to one-loop amplitudes

® Preliminary results — work in progress

a In collaboration with: W. Giele
http://www.sherpa-mc.de/
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NLO calculations

=> Lessons learned from LEP, HERA, Tevatron:
LO predictions are fine, yet often give rough estimates only

new experiments => complex processes containing multijet final states

correct interpretation of data =)> accurate theoretical descriptions are required

y ek

NLO: 1st real predicition of normalization of many observables
less sensitivity to unphysical input scales (up & pr)
more physics (parton merging, jet substructure, ISR, more IS parton species)
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NLO calculations

Lessons learned from LEP, HERA, Tevatron:
LO predictions are fine, yet often give rough estimates only

new experiments => complex processes containing multijet final states
correct interpretation of data =)»> accurate theoretical descriptions are required

NLO: 1st real predicition of normalization of many observables
less sensitivity to unphysical input scales (up & pr)
more physics (parton merging, jet substructure, ISR, more IS parton species)

Components of NLO calculations

tree-level amplitudes (LO & real radiation) + one-loop correction to Born level + subtraction
terms to handle and combine singularities 4+ phase-space generator

computational algorithms based on Feynman diagram calculations are of exponential complexity

the real bottleneck, virtual corrections (tensor-integral reductions generate large # of terms)

© tree level: algorithms of polynomial complexity exist (7 ~ N#)
recursive methods efficiently re-use recurring groups of offshell Feynman graphs

@ loop level: unitarity-cut methods factorize one-loop into tree amplitudes
computing time grows with # of cuts & depends on algorithm employed at tree level

Goal =}> provide algorithm(s) [tools] of polynomial complexity to calculate virtual corrections
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Unitarity techniques for 1-loop amplitudes

active field of research ...

® Britto et al.

® Bern et al. — BlackHat project and code.
®» Ossola et al. — CutTools code.

® Ellis et al. — Rocket Science.

® This work is based on -

[ELLIS, GIELE, KUNSZT, ARXIV:0708.2398] 4DIM METHOD, CUT-CONSTRUCTIBLE PART
[GIELE, KUNSZT, MELNIKOV, ARXIV:0801.2237] DDIM METHOD, RATIONAL PART
[GIELE, ZANDERIGHI, ARXI1V:0805.2152] APPLICATION OF DDIM METHOD TO PURE GLUONS

Jan Winter LCWSO08, November 19, 2008 —p.3
T Ao



Decomposing one-loop amplitudes

=> into a linear sum of scalar box, triangle, bubble and tadpole master integrals
(cut-constructible part) and rational terms

D D D D
{pl Z d7,1127/3l4 ’51131314+ Z 011127,3]7/(1,&313—'_ Z bleQIz(lz;+ Z azll( )_l_R

[i1]74] [i1]73] [21 |i2] [i1]41]

master integrals known in literature
and implemented in various codes, e.g. QCDLoop [ELLis, ZanperiGH] (QCDLoop.fnal.gov)

to do: determination of the master-integral coefficients <¢= unitarity techniques

L I I I

problem: extraction of lower-point coefficients
“subtracting terms already included in higher-point contributions”

°

solution: identify subtraction terms at the integrand level [0ssoLa, PaPaDOPOULOS, PITTAU]
partial fractioning of the integrand: expand over 4,3,2,1 propagator terms
residues of pole terms contain master-integral coefficient plus finite number of spurious terms
spurious terms vanish upon integration

=> note that [i1,im]|=1<i1 <ia<...<iy <N

1
and I,L-(D)Z- = /dDK
iLooo il diy ...di,,
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=>> re-expressing the integrand

[ELLIS, GIELE, KUNSZT]

N({pi},l) = C'Q\l/’éjpz},jji

CZ’L’1i2’i3’i4 (6) Ciyigis (ﬁ) B’il’&é (f) iy (ﬁ)
Z di, di,disdi, i Z diy diydisg i Z d;, di, i Z d;,
[i1]i4] [i1]i3] [i1]i2] [i1]21]

® solve for numerator factors:
need to find ¢ = ¢;, . ;,, such that d;(4;;..i,,) =0for j =d1,...,im

& define Resiy..ip (An(0) = {diy () ... dip, (£) X An(€)}ess, ;. then

M

_ - Ao (f
divigigia(£) = ReSijigigis (AN(L)),  Cirigiz(€) = ReSiigig | An(£) — E d jlcjiwzn(d) y v
J12J2%33 %74

[71174]

& find parametric (most general) form of residues, removing spurious terms =

~

box coefficient:  di igiziy () = diyiniqia + (1) dijigisiy

’L ’L ’L ’L 'é 1
= / Déd 1d2 24 d) = di1i2i3i4/dDédildiQdi?)dM = diyigigia Lirigigis

Jan Winter LCWSO08, November 19, 2008 —p.5




Disentangling the rational part

=>> by generalizing the unitarity method to higher dimensions

[GIELE, KUNSZT, MELNIKOV]

B keep momenta and polarization vectors of external particles in 4D

B integer dimensionality for virtual particles: 2 sources, loop momentum — D,

spin-polarization states — Dyg, and ensure Dgs > D

& continuation to non-integer dimensions once coefficients determined (schemes: 'tHV, FDH)

NPs) ({pi}, £)

AT (pi}0) =

dids ...dN
€ intsiais (0 iy intyia (0 ot (O by (©) 0
[Z,;%] dy do, diydy e ?4 dy diydindy, [Z%s] dy oy iy [7%2] ddi, T [z';m d;
® loop momentum effectively has only 441 components: N (¥) = N(DS)(ELA, —Eg S — EQD)
® dependence of N on Dy is linear:  N(Ps)(£) = Ng(£) + (Ds — 4) N1(€)
(Ds) (D) gy (D) (D) 2HARPAC
ivigiaiais () = ReSivigiziais (A " (0) ) diyi3iqi, (O) = Resiyigigia |Ay (0 = D dﬂj iiz?j:;;djs)

[31175]
B parametric form of Res has larger structure => some new terms not spurious, 4 new master integrals

. (D5 0 1 2 3 4
box coefficient: dgl___l-él (£) = dgl?__m + ({na) dgl?,,m + 82 [dgl?..z'él + (4nyq) drgl.)..m] + s¢ d'gl?-

.14
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Generating loop momenta

=> under the constraint that the inverse propagators vanish
dj(éil...iM>:O fOI’ j:’il,...,iM

& definitionis: d; =d;(0) = L+ G)° —mi = L+ q — qip,)° — M7

where q; — 22:1 Dj

cut configuration is: 41 ...%n

e e

parametrize loop momentum in D dimensions  (a; = ¢n;)
D
050 vobine = o .obns oF g QT
j=M

2 2 2 2 2
ay = —Viliy TMi, —Qyv4r — .- — Qb

physical space defined by external particles, (sum of) inflow momenta = V;, . ;,,
orthogonal to physical: trivial space spanned by nas,...,np (re-using n's for other cuts)

make use of van Neerven—Vermaseren basis (involves calculation of (large) determinants)

LI I I

leaves enough freedom in choosing loop momentum ¢
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Parametric forms of residues

=> generating the “Right-Hand-Side” (RHS) of the equation for the numerator factors

® use freedom in choosing ¢ to find coefficients, s2 = — Zf:5 o  (clever o choices possible)

S(Ds) (0) = 52 0

1112131415

€ 71112131415

dlPs) () = d° , . +audl) o +s2[dP) . +aad?) 4 std)

i1i2i3i4 i1i2i3i4 Zli2i3i4

21i2i3i4 Zli2i3i4 Zli2i3i4
_(Ds) _ (0 (1) (2) 21 (7) (8) (9)
Citigis () = Ciligig T QABC; Gia T OAC G T 4 more + s, [Ciligig T Q3C; 0, T Q4 Ci1i2i3]

B(I)s)

1112

(6) = B9+ bt +a3b®) 4+ s b 45 more + 52 b°)

1112 1112 1112 1112 € Y1119

a0 = ai)) +aray) + azall +asa;) +asay)

solving: make X choices of £ to solve for X coefficients
cut-c part: D =Dg; =14
rational part: D >4, (1st) Ds = D 4+ 1 (2nd) Ds = D to eliminate D, dependence of LHS

in principle, infinite # of equations for a fixed # of unknowns => Coefficients can be fitted!

L
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Generating the Left-Hand-Side

What is  Res;, i, (A () 7
= {dil (f) ce diM (f) X AN (6) }|d2~1 (g):...:diM(g):()

requires calculation of factorized un-integrated one-loop amplitude

unitarity cuts: M on-shell propagators, amplitude factorizes into M tree-level amplitudes

Dg;—-2 M

Dy 0 A (Ak+1)
Resiying (AN () = >0 [ TT M@ (€% pit, o pigas =€)

{1, A =1 \k=1
two Dg dimensional gluons with complex momenta and Ds — 2 polarization states (4s, =24Gs, )

construct polarizations following method for n vectors

Berends—Giele recursion relations
to calculate tree-level amplitudes

very economical scheme

LHS:
first correct for D, dependence, Sl e o o
then take subtractions into account
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Colour-ordered one-loop amplitude

® coefficients are now independent of dimensionality

®» dimensionality can now be continued to 4 — 2¢

cc (0) 7(4=2¢) (0) ~ j(4-2¢) (0) J(4-2¢)
AN _ Z d’l,1’1,2’2,3’1,4 ’1,1’1,2’1,3’2,4 —|_ Z ’1,1’1,2’1,3 ’1,1’1,2’1,3 + Z b’l,l’l,g ’1,1’2,2

[i1]44] [i1]i3] [i1]i2]

(4) A0 2 2
o == o, Cai g, 5 i, S ((q” =d) 8 T )bf;
|

[i1]44] [i1]73] [i1]i2
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C++ code

Another tool ... Rocket (Rucola) was already launched [GIELE, ZANDERIGHI]

independent implementation (from scratch, no translation of Fortran routines)
allows for independent xchecks of unitarity method and its results
knowing the tool is knowing the methods, and knowing the details

C++ ... different philosophy ... modularity, transparency

e bbb ¥

allows for combination with other C4++ codes ... potentially ... COMIX ... Gleisberg's automated
CS subtraction ... Sherpa ...

N external gluons & their polarizations => (leading-)colour-ordered 1-loop amplitude (FDH)

® xchecks on numbers

coefficients itself, poles (known analytically), final numbers (analytic and other calculations)
gauge invariance, choice of ¢, dimensionality (D and D; variation)

& accuracy and numerical stability

(1)(dp,sp) (1)(dp,sp) 1) (f 1)(f
€4 = logqg |AN’Cf+p _ AN@H{; ) | e, = logqg - |A§V)é£)+[1] - AEV)((}E)JF Hl
o s ’ AR 1)) + AP, (2]

® efficiency — scaling of computing time with # of legs N  — 7~ N?
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Accuracy

(preliminary) (all calculations in double precision only)

® peak positions are fine, tails seem OK, comparable to Rocket
® need to investigate on the bumpy structures for sp, fp around ex = —1 (more PSP needed!)

® losing finite-part precision with N = 10,11, lost for N = 15

(double precision not enough, too many large numbers involved)

800 800 400 799.9 800 400

-13.319275 -11.6404125 -10.683475 —13.3359982498 -11.3368875 -9.939025

T 77T T T T T T T T T ] T 77T T T T T T T T T T T T T T T 1 T
o - \ \ \ \ \ B i - \ \ \ \ \ \ \ \ ,
+— = — +— - —
c - - c - .
g - X: double pol | 2 B X: double pol ]
= - —— X: double pole ] 5 - —— X: double pole .
B B —— X:single pole N S B —— X: single pole N
— - ] ER I~ i ]
() —— X finite part (D) — X finite part
£ ' € "

- 1 : - B

- T A=) & = H‘ AV &

- |F i - ﬁ. ’

C N=6 : : \. N=7 -

T
—
e ——
= -
|
T

f

10 10

i
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Accuracy

(preliminary) (all calculations in double precision only)

® peak positions are fine, tails seem OK, comparable to Rocket
® need to investigate on the bumpy structures for sp, fp around ex = —1 (more PSP needed!)

® losing finite-part precision with N = 10,11, lost for N = 15

(double precision not enough, too many large numbers involved)

399.9 400 200 400 400 200
-13.2906101525 -11.003325 —8.98755 -12.28205 —-10.239675 —7.33945
0 E T ‘ T T ‘ T T ‘ T ‘ T T ‘ T ‘ T T ‘ T T ‘ T T T T E 0 E 1T ‘ =TT ‘ 1T ‘ T ‘ T T ‘ T ‘ T T ‘ T T ‘ T T T T E
c E ] c E .
o - . . [} - . .
5 - —— X: double pole i 5 - —— X: double pole i
B B —— X:single pole N B B —— X:single pole N
@ B ——  X: finite part 7 o B ——  X: finite part b
€ £
§ 10° = (1) E 2 10° = 1) E
- AT (++—. - - AT (++—. -
- T‘r ( % 1 - r‘ { 2 ]
- N=8 - : I N=9 -
B | » |L i
1
101 ‘ E 101 "Iﬁ‘“ E
- k‘ il - I [ :
1 E LE ' E
I 1 HI| HH| H\ : L 0 :
‘ ‘ L1 | ‘ ‘ L1 | ‘ L | | ‘ | 1 ] ‘ il ‘ [ L ‘ | | [ | 1 |
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Accuracy

(preliminary) (all calculations in double precision only)

® peak positions are fine, tails seem OK, comparable to Rocket
® need to investigate on the bumpy structures for sp, fp around ex = —1 (more PSP needed!)

® losing finite-part precision with N = 10,11, lost for N = 15

(double precision not enough, too many large numbers involved)

200 200 100 200 200 100
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= - ] c - ]
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5 - —— X: double pole ] 5 - —— X: double pole i
B B —— X:single pole N B B —— X: single pole N
5 B —— X finite part 7 E B —— X finite part 7
£ E
§ 10° | . = E 102 |- 1 .
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Accuracy

(preliminary) (all calculations in double precision only)

® peak positions are fine, tails seem OK, comparable to Rocket
® need to investigate on the bumpy structures for sp, fp around ex = —1 (more PSP needed!)

® losing finite-part precision with N = 10,11, lost for N = 15

(double precision not enough, too many large numbers involved)

200 200 100 40 40 20
-12.09565 -10.0825 —6.3658 -11.58725 -9.29825 -2.103
T 171 ‘ T T ‘ T T ‘ T ‘ T T ‘ T ‘ T T ‘ T T ‘ T T 1 1T FTT1 ‘ =TT ‘ 1T ‘ T ‘ T T ‘ T ‘ T T ‘ T T ‘ T T 1 T4
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+— = — +— - -
c - . c - .
) = - o = -
> - —— X: double pole i > - —— X: double pole .
(6} (¢}
5 B —— X:single pole N S B —— X:single pole N
—_ = — —_ = —
() —— X finite part () —— X finite part
€ €
5 10F E 310 @ E
- 1 : - ]
- A(++--.) : i AT (H+=-) 1
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B \I n I~ |
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Accuracy

(preliminary) (all calculations in double precision only)

. . 0 o o
® range of numbers increases with N — Gram dets of external gluons and egj])dm coefficients may
become small and large, respectively
199980 403974 1000984 48000 224000 924000
1.60930093009 1.81085416388 1.71701445777 3.19920833333 3.50105357143 5.01612554113
) ET 1T ‘ T ‘ T ‘ T T ‘ T T ‘ T ‘ T T T 14 ) 6 T T ‘ T T T T ‘ T T T T ‘ T T T T ‘ T T T T T T T
e | ] e 10F E
_cé 5| — N=6 ' | '8 - —— N=6 ]
s 10 s — | 3 =) i — N=8 |
Q - . Q 105 - —
< B — N=11 — — ] < ; — N=11 ;
10 £ — ) = - 1 ]
— . 4 1 1
: N A9 ) - 10° AP+ -
10° — L Inflow GramDets — B — Ecoeffs ]
i - 10° £ E
5 - — | - | —
10 - e 10° E E
10 = 10 = =
1 _|— — 1 H =
EL 1 ﬁ | ‘ L 1 | ‘ [ ‘ [ ‘ L 1 | ‘ [ | | = E ‘ =
-10 -8 6 -4 -2 0 2 4 6 8 0 5 10 15 20 25
log 10|GramDet(v I<)| log 10|Ec1‘f|
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Correlations

(preliminary) (all calculations in double precision only)

® precision of finite term partly correlated with smallness/largeness of Gram dets/coefficients
® still other denominators that can become small

® e.g. the leftover d; in the subtraction terms (even when coefficients are not large)

AV +——.) N=6 A +——) N=6
+ 4 | T T ‘ 17 ‘ T 7 ‘ T T 17 ‘ 17 ‘ 17 T ] + 4 | 1T ‘ =TT ‘ T T ‘ T ‘ T T T T T ‘ T T ‘ T T T T ]
I @ - a
= B ] o B N
s 2 - s 2 ]
w" B i W™ B 1
of = of  E :
-2 - -2~ .
4 - -4 E
-6 . -6 .
=8 . o :
10 . 10 .
_12:— { —12; {
-140 = -140 -
_16: I ‘ [ ‘ [ ‘ [ ‘ [ ‘ [ ‘ L1 | ‘ | : _167 | 1 | ‘ | 1 | ‘ | 1] ‘ L | | ‘ | 1] ‘ L | | ‘ | 1| ‘ | 1] ‘ | 1| ‘ | 1] B
-10 -8 -6 -4 -2 0 2 zl - 0 2 4 6 8 10 12 14 16 18( )20
min max

log 10|Gram Det(v k) | log 10|chf |
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Correlations

(preliminary) (all calculations in double precision only)

® precision of finite term partly correlated with smallness/largeness of Gram dets/coefficients

® still other denominators that can become small

® e.g. the leftover d; in the subtraction terms (even when coefficients are not large)
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4 L ‘ T T ‘ T T ‘ T
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-14

|
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_16\\\‘\\\‘\\\‘\\\‘\\\‘\\\‘\\\‘\
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Jan Winter
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finite part
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Correlations

(preliminary) (all calculations in double precision only)

® precision of finite term partly correlated with smallness/largeness of Gram dets/coefficients

® still other denominators that can become small

® e.g. the leftover d; in the subtraction terms (even when coefficients are not large)
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Correlations

(preliminary) (all calculations in double precision only)

P left: correlation between single-pole and finite-part accuracy

® right: which el coefficient occurs when external-gluon Gram det is minimal?

17klm
AV +——.) N=7 AV (=) N=7
— 2 17 ‘ 17 ‘ 1T ‘ T T T ‘ T T T 1T ‘ T T T ‘ 17 ‘ T T T — 20 | T T T ‘ T T T ‘ T T T ‘ T T T T T T ‘ T T T T ]
5 [ 1 5 | i
L - _|
£ o .. ] o 18- =
W~ | Foet i o B |
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-2 B - 1
B ] 14— .
—4— ' - - :
- B 1 121~ .
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i 1 e E
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g . 9 E
- ] o —
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Speed of the calculation

(preliminary) (all calculations in double precision only)

® check for algorithm of polynomial complexity (7 ~ N%)

J _ 1 IN+1 N+1
® check fractions: x =1In N /In =%

AD(++-—.) N=4...20 AV(++--.) N=4...20
? ‘ 1T ‘ 1T ‘ T T ‘ 1T T T ‘ 1T ‘ 1T ‘ 1T > [T T ‘ T T ‘ 1T ‘ 1T T T ‘ T T ‘ T ‘ T 1]
= 3l ] - ]
() 10 - = 9 —]
£ - 5 - o
- B ] L i
B 7 85— —]
o3 E : 1
- ] 81 )
B ] - * .
75 -
10 = - ® B
- ] B . 7
B N T ]
B * - R ° .
1= = 6.5 ° ° ° =
i ] 6/ ¢ e ’ =
i | E . .
=l | B o ]
107 : 5.5 - =
- : 51 -
10_2;’ L 1 | ‘ L 1 | ‘ L1 | ‘ L 1 | ‘ L1 | ‘ L 1 | ‘ L 1 | ‘ L 1 | E - | 1 | ‘ | 1 | ‘ T ‘ T ‘ L1 1 ‘ L 1 | ‘ [ ‘ [ .
4 6 8 10 12 14 16 18 20 4 6 8 10 12 14 16 18 20
Number of gluon legs Number of gluon legs
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Basic tool is set up and running

there’s much more to do ...!!!
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