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e+ + e− → e+ + e−

Important process to determine the luminosity:

•• at high-energy colliders (LEP,SLC) in the small-angle region

•• at flavor factories (BABAR, BELLE, DAΦNE,...) in the large-angle region

•• at ILC in the large-angle region (luminosity spectrum)
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Important process to determine the luminosity:

•• at high-energy colliders (LEP,SLC) in the small-angle region

•• at flavor factories (BABAR, BELLE, DAΦNE,...) in the large-angle region

•• at ILC in the large-angle region (luminosity spectrum)

Theoretical compitations at two-loop in QED:

•• Corrections with massless electrons (Bern-Dixon-Ghinculov ’00)

•• Photonic corrections with small electron mass (Penin ’06, Becher-Melnikov ’07)

•• Corrections from light leptons (Actis-Czakon-Gluza-Riemann ’07,

Becher-Melnikov ’07)

•• Leptonic corrections (Bonciani-Ferroglia-Penin ’07)

•• Hadronicnic corrections (Actis-Czakon-Gluza-Riemann ’07, Kühn-U. ’08)
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The Born cross section
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Hadronic corrections

q2

−→
q2
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Hadronic corrections

q2

−→
q2

− igαβ

q2 + iǫ
−→

− igαδ

q2 + iǫ
i (q2gδǫ − qδqǫ) Π(q2)

− igǫβ

q2 + iǫ

S. Uccirati Page 6



Warsaw – June 9-12, 2008

Hadronic corrections
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Hadronic corrections

q2

−→
q2

− igαβ

q2 + iǫ
−→

− igαδ

q2 + iǫ
i (q2gδǫ − qδqǫ) Π(q2)

− igǫβ

q2 + iǫ
−→

− igαβ

q2 + iǫ
Π(q2)

Dispersion relation

Π(q2) = −
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3
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S. Uccirati Page 8



Warsaw – June 9-12, 2008

Hadronic corrections
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R(s) =
σ(e+e−→ hadrons)

σ(e+e−→ µ+µ−, QEDsp)

↓

leptonic case
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Three classes of contributions:

1. Vacuum polarization insertion

2. Reducible vertex and box corrections

3. Irreducible vertex and box corrections
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Three classes of contributions:

1. Vacuum polarization insertion

2. Reducible vertex and box corrections

3. Irreducible vertex and box corrections

Inclusion of real soft photons
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1. Vacuum polarization insertion

•• Resummation:

q2

−→
q2

+
q2

+
q2

+ . . .
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1. Vacuum polarization insertion

•• Resummation:

q2
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q2
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+
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q2 + iǫ
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]
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1. Vacuum polarization insertion
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1. Vacuum polarization insertion
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1. Vacuum polarization insertion
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δΠ =
dσΠ − dσBorn

dσBorn
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2. Reducible vertices ...
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2. Reducible vertices ...
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... and reducible boxes
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... and reducible boxes
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... and reducible boxes
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3. Irreducible vertices ...
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3. Irreducible vertices ...
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3. Irreducible vertices ...
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3. Irreducible vertices ...
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... and irreducible boxes
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... and irreducible boxes
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... and irreducible boxes

2Re

0

@ +

1

A

0

@ + + +

+ + + +

1

A

∗

+

 

real soft

photons

!

dσB

dΩ
=

α3

sπ



1−2x+2x2

2

h

2BsReΠ(s)
i

+
2−2x+x2

2 x2

h

2BtΠ(t)
i

−
(1−x)2

x

h

BtReΠ(s)+BsΠ(t)
i

−Re
h

B(s, t, u)−B(s, u, t)
i

− Re
h

B(t, s, u)−B(t, u, s)
i

+ Re
h

xB(t, s, u)+
1

x
B(s, t, u)

i

ff

Bs = 2ln
2ω
√

s
ln

t

u
− ln

−t

s
ln

−u

s
−2Li2

„

−t

s

«

+ζ(2) Bt = −2ln
2ω
√

s
ln

−u

s
−Li2

„

−t

s

«

+3 ζ(2)

S. Uccirati Page 30



Warsaw – June 9-12, 2008

•• Third dispersion integral
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•• Third dispersion integral
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•• Evaluation of B(a, b, c)

BA(t,b,c) =
α

3π

Z 1

0

dy

y
ξA

„

t,b,c,
4m2

y

«

R

„

4m2

y

«

BA(s,b,c) =
α

3π



R(s)

Z 1

0

dy

y
ξA

„

s,b,c,
4m2

y

«

+

Z 1

0

dy

y
ξA

„

s,b,c,
4m2

y

«»

R

„

4m2

y

«

− R(s)

–ff

BB(a,b,c) =
α

3π



R(∞)

Z 1

0

dy

y
ξB

„

a,b,c,
4m2

y

«

+

Z 1

0

dy

y
ξB

„

a,b,c,
4m2

y

«»

R

„

4m2

y

«

− R(∞)

–ff

S. Uccirati Page 32



Warsaw – June 9-12, 2008
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δhad =
dσ{B,V,red}
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Light leptons contribution (m2
l ≪ s, |t|, |u|)

m → ml R → Rl(s) =

(

1 +
4m2

l

2 s

)

√

1 −
4m2

l

s

The dispersion integrals are computed analytically
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Light leptons contribution (m2
l ≪ s, |t|, |u|)

m → ml R → Rl(s) =

(

1 +
4m2

l

2 s

)

√

1 −
4m2

l

s

The dispersion integrals are computed analytically:
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δ =
dσB+V+red

dσBorn
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δ =
dσB+V+red

dσBorn
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Summary

•• Full QED corrections under control

•• Hadronic corrections are of the same order of the leptonic ones or bigger

(0.1% − 1%)

•• Dispersion relation is the simplest tool to deal with fermionic corrections
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