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Motivation
Process ofW-pair production near thresholdhas phenomenological relevance for ac-
curate determination of theW boson massat ILC

MW

Key observable in the search ofvirtual-particle
effectsthroughEW precision measurements

Precise determination ofMW andmt constrains
MH (andNew Physicseffects)

W
t

∆M
2

W
∝ m

2

t

W
H

∆M
2

W
∝ ln MH

Threshold scanof WWcross section at ILC could
reduce the total error onMW to δMW ∼ 6MeV
[Wilson ’01] with L = 100fb−1 (just one year!)
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experimental errors 68% CL:

LEP2/Tevatron (today)

Tevatron/LHC

ILC/GigaZ

[Heinemeyer et al. ’06]

Total theoretical uncertainties must be reduced to 1h!
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Theoretical issues

Instability ofW can not be neglected!(ΓW/MW ∼ 2.5%)→ Physical processe−e+ → 4f

Systematic inclusion offinite-width effects(may lead to gauge-inv. and unitarity violation)

Calculation ofEW and QCD radiative corrections(difficult for multiparticle final states)

At present two methods give theoretical predictions for four-fermion production
near theWW thresholdwith accuracy better than 1%

1 CompleteO(α) e−e+ → 4f in Complex Mass Scheme[Denner, Dittmaier, Roth, Wieders ’05]

2 Effective Field Theory Approach[Beneke, Chapovsky, Signer, Zanderighi ’04]

Gauge-invariantexpansion around the complex pole
(systematization to threshold of theDouble Pole Approximation)
Computationallysimple+ final analyticexpressions

Valid only in thethreshold region(√s∼ 155− 170 GeV)
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Effective Field Theory Approach

The process is characterized by two well-separated scales:Λ2 ≡ M2
W � MWΓW ≡ λ2

→ Effective Field Theory (EFT) techniques are used to integrate out the large scaleM2
W
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Effective Lagrangian describing long-distance degrees of freedom

(k2 − m2
p . MWΓW)

- resonant non-relativisticWs (k2 − M2
W ∼ MWΓW)

- Coulomb (k2 ∼ MWΓW) and soft (k2 ∼ Γ2
W) photons

- high-energetic external fermions (k2 = 0)

Matching coefficients determined by short-distance physics

(k2 − m2
p ∼ M2

W)

- non-resonantWs (k2 − M2
W ∼ M2

W)
- light degrees of freedom with large virtualities (k2 ∼ M2

W)

- heavy degrees of freedom (Z boson, Higgs, top quark)
Similar techniques used int̄t production
[Hoang et al. ’04, Hoang et al. ’07]

Reorganized expansion of the matrix element in the couplingsαew, αs and ΓW
MW

, v2 ≡
√

s−2MW
MW

α2
s ∼ αew∼ ΓW

MW
∼ v2 Collectively

referred to asδ!
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A toy example: thee−e+ → 4f Born cross section

How does the EFT work?→ To understand apply it to the calculation of theBorncross section
Extract the total cross section from unitarity cuts of theforward-scattering amplitude

LO (∼ αewv)
Fromleading-orderoperators and propagators
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σBorn(e
−e+ → µ−ν̄ud̄)

Comparison with numerical result fromWhizard/CompHep

[ Kilian, Boos et al. ’04, Pukhov et al. ’99]
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NLO cross section

EFT formalism applied to the computation of thetotal cross sectionof e−e+ → µ−ν̄ud̄ + X
up toNLO in δ [Beneke, PF, Schwinn, Signer, Zanderighi ’07]

Pragmatic approach: compute the Born cross section with Whizard/CompHep and use the
EFT to compute genuine radiative corrections
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[Denner, Dittmaier, Roth, Wieders ’05]

σ(e−e+ → µ−ν̄µūd X)(fb)√
s[GeV] Born(ISR) NLO(EFT) ee4f DPA
161 107.06(4) 117.38(4) 118.12(8) 115.48(7)
170 381.0(2) 399.9(2) 401.8(2) 402.1(2)

In the energy range
√

s∼ 161− 170difference
between the two results. 0.6%!
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Dominant NNLO corrections
Difference between fulle−e+ → 4f calculation and EFT result at NLO due toone-loop

corrections∆σX which aresubleadingin the EFT counting scheme

O(α) contributions from non-resonant configurations:

e

e

K4e = K
(1/2)
4e +

α
π K

(3/2)
4e

e

e

Interference of higher-dimensional EFT operators with Coulomb-photon exchange:

e

e Ω

Ω e

e

O
(1)
p

In EFT reorganized expansion these areN3/2LO corrections:∆σX
σBorn

∼ αewv∼ α
3/2
ew ∼ 0.5%

Are these all the possible N3/2LO corrections?NO!

NNLO diagrams can be enhanced byinverse powers ofv: ∆σ
σBorn

∼ α2
ew/v∼ α

3/2
ew ∼ 0.5%

(This translates toδMth
W ∼ 5 MeV)

⇓
Compute all theN3/2LO contributions not already includedin the full e−e+ → 4f result!

(Dominant NNLO corrections)
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N3/2LO corrections (I)
1. Double and triple Coulomb-photon

exchange
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Near threshold exchange ofn Coulomb photons
(q0 ∼ ΓW, |~q| ∼

√
MWΓW) is suppressed by

(α/v)n ∼ αn/2 compared to the Born cross section

⇓
2nd Coulomb correction (∼ α) is a NLO effect not
included in the full 4f calculation and 3rd Coulomb
correction (∼ α3/2) is N3/2LO!
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2. Interference between first Coulomb and
one-loop decay corrections
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3. Interference between first Coulomb and
O(α) self-energy insertion

Π
W
T (k2

) = M2
W

∑
m,n

δ
n
Π

(m,n)

m = number loops, δ = (k2 − M2
W)/M2

W

Leading termΠ(1,0) resummed in the propagator,
subleading terms included perturbatively
⇒ Interference ofΠ(1,1) with first Coulomb

contributes at N3/2LO
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N3/2LO corrections (II)
4. Interference of first Coulomb with soft,

hard and collinear EW corrections
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5. Corrections to the Coulomb potential
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Numerical impact of N3/2LO corrections (preliminary)

Dominant NNLO corrections in theGµ-scheme (α =
√

2GµM2
Ws2

w/π)

MW = 80.377 GeV ΓW = 2.04483 GeV MZ = 91.188 GeV
mt = 174.2 GeV MH = 115 GeV
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σ(e−e+ → µ−ν̄µūd X)(fb)
√

s[GeV] Born ∆σ
(3/2)
C3 ∆σ

(3/2)
C1×Dec ∆σ

(3/2)
C1×Prop ∆σ

(3/2)
C1×[S+H] ∆σ

(3/2)
Bub ∆σ

(3/2)
tot ∆σ

(1)
C2

161 154.19(6) 0.010 -0.091 0.324 -0.321 0.226 0.147 0.437
[+0.9h] [+2.8h]

170 481.7(2) 0.000 -0.142 1.562 -0.354 0.511 1.577 0.246
[+3.3h] [+0.5h]
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Implementation of cuts
Measurement of total cross section not realistic!Invariant-mass cuts and angular cuts are

applied experimentally tosuppress backgroundand by thegeometry of the detector.

LEP II
[ L3 Collaboration ’97]

Cut σtree(e−e+ → µ−νµud)(fb) σcut/σtot
- 154.18 (5)

Eµ > 20 GeV 153.71 (5) 99.69 (5)%
Mµν > 55 GeV, 40 GeV< Mjj < 120 GeV 150.60 (5) 97.68 (5)%

θµj > 15 149.35 (5) 96.87 (5)%
| cosθν | < 0.95 148.28 (5) 96.17 (5)%

all 140.03 (5) 90.82 (5)%

How to implement the cuts in the EFT?
Invariant-mass cuts

Includeθ(Λ2 − |k2 − Mw2|) in all integrals and
expand according to scaling ofk2 (Λ2 ∼ M2

W)

Resonant regions: k2 − Mw2 ∼ MWΓW →
θ(Λ2 − |k2 − Mw2|) ∼ θ(Λ2) = 1. No
modification!

Non-resonant regions: k2 − Mw2 ∼ M2
W →

Cuts must be taken into account
(modification of the four-electron operators).

σWhizard
Born (161GeV) σEFT

Born(161GeV)
no cuts 154.18(5) 154.02

inv. mass. cuts 150.61(5) 150.71

Angular cuts
Implementation of angular cuts more complicated.
Need EFT containing explicitly the final states!.

Observation: Coulombandsoft interactions do not
modify the polarizations and angular distributions
of the final states significantly (|~p|soft/|~p|ext ∼ Γ/M)

⇓

∆σ
(3/2)
cut ∼ κ∆σ

(3/2)
tot κ =

σBorn
cut

σBorn
tot

Error of the approximation well below 1h
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Conclusions

The EFT approach allows a straightforwardidentificationandevaluationof thedominant
NNLO corrections near threshold

Thetotal N3/2LO correction is∼ 1h at threshold and grows to∼ 3h at
√

s = 170 GeV

Combining thefull 4f NLO result and thedominant NNLOcorrections the remaining
theoretical uncertainty is estimated to beδMth

W . 1 MeV (for the partonic cross section!)

But NLL resummation of the electron structure function must be addressed! (estimated
δMth

W ∼ 30MeV[Beneke, PF, Schwinn, Signer, Zanderighi ’07])
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