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Reconstructable event : Solve mass shell equation for each event

Nojiri, Polesello, Tovey (2003)
Cheng, Gunion, Han, Marandella, McElrath (2007)

Nonreconstructable event :

Use end point or cusps of kinematic variable
Hinchliffe, Paige, Shapiro, Soderqvist, Yao (1997)

Han, IWK, Song (2009)
Transverse mass variables

Lester, Summers (1999)
Cho, Choi, Kim, Park (2007)

Bar, Gripaios, Lester (2007)



Use heavy resonant particle.

Z, new neutral V,u(z) higher KK modes

gauge boson

H Heavy Higgs

Many models have resonance particle
that can decay to SM particles or NP particles.
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Antler decay

e Z'SUSY: Z' = 171" =111 X4
MSSM: H — x5xs = Z2x1Zx3
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In the ILC experiment, we can even make a virtual resonance

with arbitrary mass \/g .
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Cusp and End point singularity in invariant mass distribution
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Han, IWK, Song : arXiv:0906.5009

Massless visible particle case:
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Why end point and cusp appear?

ma,a

A

=11
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Phase Space is folded for a kinematic variable.

mZ = cosh2n + sinh 27 cos 64
+ cosh 21 cos 02 + cosh 27 cos 61 cos 02
+ sin #1 sin 05 cos



Analytic Formula (Massive)

T.Han, IWK, Song (to appear soon)
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Again, phase space folding gives non-smooth structure
In Kinematic distribution.
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Kinematic Cusps appear in various observables.

Angular distribution Pr - distribution
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Other methods usually rely on end-points.
Why End-points and cusps? It's not an accident.

Kinematic analysis : using / dPS only

Model independent, using only essential parameters
cannot use event profile since we ignore ’M‘Q

! |

( Reconstructable: check whether each event satisfies mass shell equations
(likelihood) o Pey1 X Peya X ...

\ Nonreconstructable: we cannot determine whether each event is on PS or not.

But special points in kinematic distribution can appear

:> Kinematic Singularity point

(non-smooth point in a distribution)



AlgebraiC SiﬂQUlarity Method IWK, Work in Progress

Event Unknowns

FROM THE CREATOR OF “SIN CITY”

I]IEI.IIH

/// / Cuspf%gularity
o 7N\ /

Event Observables

Wall Singularity

Event Observable space = projected image of PS.

Multiplicity can change abruptly around a certain point.



/dPS:/.../d4p...6(gl)5(g2)...

Phase space is defined by solution space of coupled polynomial equations.

g1 =
2 p— . .
7 ~ = affine variety
g3 =
X : event unknowns At a singularity point in event observable space,
Jacobian 8% has a reduced rank
g : event observables Oz



Groebner basis:

With lexicographic ordering L1 > 2 > X3 > T4 > ...

|
S o o O

gl(xla L2,X3,L4,

g3(xs, x4,

ga (274,

go(x2,x3,Xq,...)

Equations a re sequentially solvable.

Jacobian matrix has upper triangular form.

X ... L.
(5%): X X
8wj X

Vanishing diagonal component is necessary in this basis for a reduced rank of Jacobian.



For the row vectors of Jacobian with vanishing diagonal component,
we can directly check whether they are linearly dependent or not.

—

1 — (a17a27a37'°')

Ug = (bl,bg,bg,...)

o a1 as
v || U2 i = — =...

by by

By this way, we can classify all the singularities in event observables.



Singularity Coordinate

Once we know where a singularity is located, we need to define a normalized
coordinate near the singularity point.

Project all the event points near the singularity on the coordinate.
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Singularity Coordinate direction is already determined by the reduced rank condition.

B‘Fi >4
X X X % x X x ¥
3§t -
® % % X D¢ b e 2T X
“ 1% ¢ W x X X X

U istangent direction for singularity coordinate, which is normal to singularity plane.
| will call it normal direction of singularity.



To determine the scaling of coordinate, we choose equal density normalization.

Local description of phase space is
useful for this procedure :
second fundamental form

Same event unknown volume give rise to the same
singularity coordinate.



Second Fundamental Form of Algebraic Variety

1+ 99i i P9i goidek —
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local variation

dy is confined to the normal space and dx is confined to the tangential space.

32%

= — dx? da®
0y, Ox;0xy, v

defines a map : tangent space to normal space
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Reanalysis of Invariant mass in cascade decay

(X —|—lf)2 — m%
(X +1f +1,)* =my

Event unknowns : Event Observable : lg l’}b
XH* = (Xo, X1, X2, X3)



Coordinate in C.M. frame of n and lf

E E E b
o cm cm o cm ~ Lem
zn_(2,o,o, 2) lf_(2,0,0,

Groebner basis : X > X5 > X{ > X,

g1 = 2Eem X + (B + mi —mz) =0
g2 = 2E.n X5+ E?  +2mi —m% —m% =0

m

gs = B2 X7+ E2 X} + EZ my — (m3 —my)(my —m%) =0

Jacobian matrix for Groebner basis:

Wew 0 0 0
= e 0 0
EenX1  EonX;

0g;
0X!

Nontrivial reduced rank Jacobian can arise when

Y A
1 — 2_0




2 2 2 2
m- —m my —m
Then, Egm — ( Z YT’),L<2 Y X) = Egm() by gs 0
Y

Perpendicular direction to tangent space at the singularity: rather trivial

093

EYo B — 2m§/Ecm

Normalized coordinate:

E2 L E2
t = 4mms, ( le%z Cm)

cmO




Double Missing Particle Chain Topology:

qd1
Y
» 1
» Y5 Xo
q2
Kinematic Constraint Equations :
2 _ m? 2 2
X1 =mx X5 =mx

(Xi+q@)=mi (Xa+q@) =my
Kr + Xog = Ppi=
Event unknowns:

Xt = (X, X1, X1, X13) Xy = (Xoo, Xor, Xop, Xo3)

Event observables:

Q’f = (Q1O,Q11,Cl12,6]13) qé‘ — (Q20,Q21,Q22,Q23)

— .
IM1ss

T

(Pr1, Pro)



Groebner basis : X719 > X13> Xog > Xo1 > Xo9 > Xog > X171 > Xpg

91 = (430 — @33) Xo3 + 2021923 X23X 11 + 2q22423X23X12 — 2C2G23X23
+ (@30 — @1) XT1 — 2q2q22x11X12 + (G0 — G2 XTo
+ (—ZPTI‘?%D + 2('3:3@:31) X11 + (—ZPTE"I%[] + Zﬂ"zqu) X12
+ (P2 +m2) gy — C3,
g2 = x22 + x12 — Pro.
93 = X21 + x11 — Pr1,
94 = q20X20 — g23X23 + ¢21X11
+q22x12 — C2,
95 = (a1 — 473) X13 — 2q11913X13X11 — 2q12¢13X13X12 — 2C1G13X13
+ (g1 — ¢31) Xi1 — 211 q12X11 X12
+ (ato — ¢72) xT2 — 2C1q11x11 — 2C1qr2x12
+ (miq%ﬁ — {l‘f) :
96 = q10X10 — q13X13 — qui1X11 — qizx12 — C1,



Solution as a function of X11and X12

Aaqos £ g \/ A% — (g3, — a33) (mi + -"-'L%T)

soln
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20 ~ 923
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Jacobian Matrix :

g6 ( X X
gs
ga
g3
g2

91\

reduced rank condition :

2(61%0 — Q%3)X13 —2A1q13

2(¢30 — q23) X23 — 2A2¢23 = 0

dgs dgs
0X11 0X19 _
det dg1 091 =0 —» Maximum MT2

0X11 0X12

These conditions give rise to the maximum MT2 condition and MAOS momentum.

Numerical analysis with singularity coordinate is now in progress. =) Wait for our paper!



Conclusion

Kinematic Cusps in Resonant Decay Channel can be very helpful
for mass measurement. This is very adequate for the ILC physics.

General description of mass measurement method leads us to
iInvestigate singularity structure in phase space.

We develop a new algebraic geometrical method for seeking for
singularities in PS and find out tailored implicit variable for singularity.

This method naturally includes previous methods for nonreconstructable
event topology such as end point and cusp in invariant mass and mT2.
We can enhance such cases with this generalized method and
generalize to different event topologies.



