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Equivalent Circuit for an rf Cavity

Simple LC circuit representing W

an accelerating resonator et
__(;" == wo" = 1/LC

Metamorphosis of the LC circuit T
Into an accelerating cavity

8 ©° (oo} (oo}

/ of N el B

~lop 3 =] BE=E

Chain of weakly coupled pillbox ° PN o] les]
a) b) c)

cavities representing an accelerating
cavity

d) e)

Metamorphosis of the L-C circuit of Fig.1 into an accelerating cavity (after R.P.Feynman33)).
Fig. Sd shows the cylindrical “pillbox cavity” and Fig. Se a slightly modified pillb:
with beam holes (typical 8 between 0.5 and 1.0). Fig. Sc resembles a low 8 version of th
pillbox variety (0.2<8<0.5).

Chain of coupled pendula as

its mechanical analogue 72222222

J_U_|

— —

.|

Chain of weakly-coupled pillbox

i 4

NOAN

Chain of coupled pendula as a
cavities representing an accele~

mechanical analogue to Fig. 6a
rating module
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Parallel Circuit Model of an Electromagnetic Mode

. . . 1V? |
Power dissipated in resistor R: P, = EE" [_% %g —l_: o &v
v |
Shunt impedance: R, = PC — R, =2R

diss

Quality factor of resonator:

1/2
w,U R [Cj
= = oCR = — = R|—
(:?O Ftjiss ’ I"a)c l‘
1
Z:R{IHQO(Q—&\}
w,

W
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1-Port System

Ze
o fi BT :
i O T Total impedance: k°Z, + 9

ek 1+2| O
g T EET)

kV R
| = ) V =kV,
k°Z, + R - Q )
Qo R+K Zokl+2| Aa)J
1+2i—
a)o
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1-Port System

Energy content U = 1 CV?® :E&V2
2 2 wR
2
G .
4
(R+k?Z,)" +4k*Z2Q¢ kA—wJ
Wy
V2
Incident power: P, =—-
82,
. : . R
Define coupling coefficient: g =—;
kOZO
U Q 4p 1
Pe @ (1+B)° 1+[ 20, jZ(Aa)\z
1+ p L @, J

W
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1-Port System

Power dissipated Piiss = @9 = B ars 2 - 2 2
Q, (1+ ) 1+( onj (Aw)
1+ 4 @,

. . U .
Optimal coupling: o maximum or P, =P,

= Aw =0, p=1 . critical coupling
ReﬂeCted pOWGf Pref — I:)inc I:)diss = I:)mc 1_ 4ﬂ 2 1 2

(1+ ) 1+( 2Q, Aw)
I k1+,6’ a)o) |

W
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1-Port System

At resonance
Dissipated and Reflected Power
e
U — Qo 413 P 09 / R
= o 1 2 inc 0.8 l \\
0 ( +ﬂ) 0.7 I \\ —
4,8 0:5 \>‘//
diss — 2 inc 04 —
(1+ ﬂ) 0.3 \ // —
) A pd
(1_ ﬂ\ 01 \ 4/
rEf :Ll_l_ﬁ inC 00 1 2 3 4 5 6 7 8 9 10
B
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Equivalent Circuit for a Cavity with Beam

 Beam in the rf cavity is represented by a current generator.
« Equivalent circuit:

. = o o B
i@ 1| 3Tre Qe wee Ro=oes

i, produces \7IO with phase w (detuning angle)
i, produces V, with phase y
V.

~ ~

V. -V,

g

Q, Aw

tan = -2
T

W
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Equivalent Circuit for a Cavity with Beam

2,61/2
1/2
V, =(F,Ry) 1+ 7 COSy

Ib Rsh

sin@
b,

2
I,: beam rf current

i, = 2i,

l,: beam dc current
6,: beam bunch length

W
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Equivalent Circuit for a Cavity with Beam

2
1 2
P {1+ +Db 1+ p)tany —btan }
) =R g (LA D)+ pyany —brang]
_ Power absorbed by the beam R i, cos¢
Power dissipated in the cavity V.
(1+:Bopt)tan Yot = b tan ¢
Minimize Py : Fo =[1+D]
Dot _ V> [L+b|+(1+b)
> R, 2

W
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Frequency Control

Energy gain W =gV cos¢

oW oV
= —o¢tan
YRRy ptan ¢

Energy gain error

The fluctuations in cavity field amplitude and phase come mostly
from the fluctuations in cavity frequency

Need for fast frequency control

Minimization of rf power requires matching of average cavity
frequency to reference frequency

Need for slow frequency tuners
W
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Some Definitions

« Ponderomotive effects: changes in frequency caused by the
electromagnetic field (radiation pressure)

— Static Lorentz detuning (cw operation)
— Dynamic Lorentz detuning (pulsed operation)

 Microphonics: changes in frequency caused by connections to
the external world

— Vibrations
— Pressure fluctuations

Note: The two are not completely independent.

When phase and amplitude feedbacks are active, ponderomotive
effects can change the response to external disturbances

W
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Cavity with Beam and Microphonics

tany, = -2Q,

0 0

. ow, + ow_ o,
» The detuning is now tany = -2Q,
(0

)
where dw, is the static detuning (controllable)

and Jw_ Is the random dynamic detuning (uncontrollable)

Probability Density
Medium B CM Prototype, Cavity #2, CW @ 6MV/m

10 400000 samples
) { PR 11
6 ]1 L1 | ' 11 ] 0.25
g 4
> 2 > 02 —
2 2
S 4 : / \
> 2 a 015
()
£ [\
-6 1 — — | g 01
Q
-8 1 It | t — o / \
-10 + o 0.05
920 95 100 105 110 115 120 ‘/ \
-I-ime (sec) 0 T T T T T T T
-8 6 -4 2 0 2 4 6 8
Peak Frequency Deviation (V)
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Q. Optimization with Microphonics

Condition for optimum coupling:

i - \/(b | 20,22
and P°pt:£_(b+1)+ b1 +] 20 oo,
: 2R, k ° a)oJ

In the absence of beam (b=0): (. s )
Azggpt = ]'_F
0

2%, )
and ot VC _ ( 5a)m\2_
Fjb Pt — Eiii;;- ].4-‘\/1.4‘l\:2(:?0 , ’J

=U ow, If ow, isvery large

W
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Example

7-cell, 1500 MHz
20 v
18 N\
\
\
16 \\\ /
\\AN
N \\
14 AN
V
12 NS
~—~ e ———
< AN
x 10 N —A
0_ \ T "4
AN
8 N
'~
6 — 21.0 MV/m, 460 UA, 50 Hz 0 deg
— 21.0 MV/m, 460 UA, 38 Hz 0 deg
4 —21.0 MV/m, 460 UA, 25 Hz 0 deg
— 21.0 MV/m, 460 UA, 13 Hz 0 deg
2
—21.0 MV/m, 460 uA, 0 Hz 0deg
0 | | N N B
10 100
Qext (10°)
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Example

3-spoke, 345 MHz, B=0.62

/
14.0 \
\\\ I/
N\ A
12.0 WY 12711
A\\\V yara i
\\\ \\ // /
10.0 WAL 7V 7/
AN\ Y VAVA /A
AN ya'ey.9/
’;\ 8.0 ANNN\N 4 74
v DN y4V e 94
< N N /V/
o OO poi4
6.0 AN\ N p—y” e 4
' AAN X
NN~ x/
_ S~ ~ 7
40 — 10.5 MV/m, 400 uA, 10 Hz 20 deg ~—
: = 10.5 MV/m, 300 uA, 10 Hz 20deg
I—{ ==—10.5MV/m, 200 uA, 10 Hz 20 deg
2.0 771 —105Mv/m, 100 uA, 10 Hz 20 deg
— =—10.5MV/m, OuA, 10Hz 20deg
0.0 I I [ [ [ [ []
1.0 10.0 100.0
Qext (10"6)
i
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Lorentz Detuning

Pressure deforms the cavity wall:

RF power produces radiation pressure:

H?-¢g,E°
4 7
Outward pressure at the
equator
Inward pressure at
the iris

. . /
Deformation produces a frequency shift:

2
Af =—k E..

W
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Lorentz Detuning

— CEBAF 6 GeV

— CEBAF Upgrade

Energy Content (Normalized)

P
P

-1,000 -800 -600 -400 -200 0 200
Detuning (Hz)

W
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Microphonics

« Total detuning
0w, + 00,

where dw, is the static detuning (controllable)

and Jow_ is the random dynamic detuning (uncontrollable)

Probability Density
Medium B CM Prototype, Cavity #2, CW @ 6MV/m

10 400000 samples
) { PR 11
6 ]1 L1 | ' 11 ] 0.25
g 4
> 2 > 02 —
2 2
S 4 : / \
> 2 a 015
()
£ [\
-6 1 ! — § 0.1
-8 1 It | t — o / \
-10 + o 0.05
920 95 100 105 110 115 120 ‘/ \
-I-ime (sec) 0 T T T T T T
-8 6 -4 2 0 2 4 6 8
Peak Frequency Deviation (V)
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Ponderomotive Effects

« Adiabatic theorem applied to harmonic oscillators (Boltzmann-

Ehrenfest)
If g:izd—w <1, then Y Is an adiabatic invariant to all orders
o dt @
A(!)/(E) ~o(e ) = Ao _AY (Slater)
@ @ @ U

Quantum mechanical picture: the number of photons is constant.: U = Naw

Ho v y2/y, 0 m2(w
U=| dv|—H"(F)+—E“(r) | (energy content
vaL (F)+= ()}( gy )
AU = —L dS ﬁ(r).f(r) [%HZ(F)—%EZ(F)} (work done by radiation pressure)

W
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Ponderomotive Effects

N g (= Ho v y2/e €0 g2
ro  J8810)E0) h“ (M-, E (r)}

jv dv [%HZ(FH%EZ(F)}

Q

Expand wall displacements and forces in normal modes of vibration
¢,(r) of the resonator

[ dsg,(MeM=05,

E(F)=2.0,8,(F) q, = [ £() 4,(F) dS

F(F) =Y F,4,(F) F, = .'S F(F) ¢,(F) dS

J)effe?son Lab
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Ponderomotive Effects

Equation of motion of mechanical mode u

d oL oL 0b
-+

=F L=T-U Euler-Lagrange
dtog, oq, o9, “ ( grange)
U= %Zcﬂqfl (elastic potential energy) c,: elastic constant
U
1 q;
T:—Zc#—‘; (kinetic energy) Q : frequency
257 7 Q)
c g’ .
d=) 2 (power loss) z,: decay time
M Tﬂ Qﬂ
I
4, +un +Qﬂqﬂ = C_:Fu

W
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Ponderomotive Effects

The frequency shift Aw, caused by the mechanical mode x is proportional to q,,

2 o, (F,\
Ao, +—Ao, +Q° Ao, =——2|
u Z'/J u u 7 CﬂLUJ

2 2\ /2
02 U =k OV

Total frequency shift:  Aw(t) =) Aw,(t)
7
Static frequency shift: Aw, =) Aw,,=-V>> Kk,
H M

Static Lorentz coefficient: k=) k .,
7

W

OL
J)effe?son Lab Page 23 D)MIDNION

UNIVERSITY



Ponderomotive Effects — Mechanical Modes

.o 2 . 2 2 2
MG, + =00, +Q Aw, =-QIk N, + nt)
7

Fluctuations around steady state: Av,=Ao,, +00,
V =V,(1+06V)
Linearized equation of motion for mechanical mode:
.o 2 . 2 2 2
0w, +—ow, + L ow, =20 K V"6V

Ty

The mechanical mode is driven by fluctuations in the electromagnetic mode
amplitude.

Variations in the mechanical mode amplitude causes a variation of the
electromagnetic mode frequency, which can cause a variation of its amplitude.

—Closed feedback system between electromagnetic and mechanical modes,
that can lead to instabilities.

W
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Lorentz Transfer Function

.o 2 . 2 2 2
0w, +—ow, + 0w, =20 K V"6V

Ty
YaY: 2
_ u 0
S ,(w) = A oV(w)
(Qﬂ - )+—Ia)
Ty
g 30 1 I I I I I | I 1
> y
=
N 20~ —
TEM-class cavities :qE) s )
ANL, single-spoke, 354 MHz, B=0.4 @ 10
2
¥ O >
: : h 100 o
simple spectrum with =
»
few modes 0 =
g
100 8
N I I I B 2

0 200 400 600 800 1000
Vibration frequency (Hz)

W
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Lorentz Transfer Function

TM-class cavities (Jlab, 6-cell elliptical, 805 MHz, f=0.61)
Rich frequency spectrum from low to high frequencies

Large variations between cavities

SNS Med B Cryomodule 3, Cavity Position 1, Lorentz Transfer Function

(5MV/m CW)
70 360
65 s = 315
5 /\/ \ 1270 o
% o5 ,_..M(uw/‘ A [~ A 1 905 )
@ r/\,y LA A A |- :
o)~ 1
ey A 1 47 ¥Y)
e AR i
D A v \ d =
S VT z
g 35 1 90 @
>
5 Il
S 4 | | 4 45
25 ‘ 0
0 60 120 180 240 300 360 420

AM Drive Frequency (Hz)

W
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GDR and SEL

M.

®

Phase
Controller

D

0.

Amplitude

Controller _ Klystron

=

K

Phase
Setpoint GDR
Phase Gradient Detector
Detector .
ient :“:
é‘?ﬂgﬂnt |_ Cavity
a)
Ph Amplitud
Limiter Controfier ' Controller s ¥Stron
— D] A
SEL

ZI‘- Loop Phase

Gradient Detector
Gradient
Set Point

M.O.

.geffé?son Lab

(:)—l % I (gé r Cavity
Phase Phase b)
Setpoint
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Generator-Driven Resonator

 |In a generator-driven resonator the coupling between the
electromagnetic and mechanical modes can lead to two
ponderomotive instabilities

 Monotonic instability : Jump phenomenon where the
amplitudes of the electromagnetic and mechanical modes
Increase or decrease exponentially until limited by non-linear
effects

« Oscillatory instability : The amplitudes of both modes oscillate
and increase at an exponential rate until [imited by non-linear
effects

W
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Self-Excited Loop-Principle of Stabilization

Phase

fluctuations in the cavity frequency w, sothe A, ... i
external frequency reference w..

Controlling the external phase shift § can cc @ %’)

a)C : 4+ Attenuators

=@, +

tan 6, :
—)—

Instead of introducing an additional external W 633
this is usually done by adding a signal in quadrature

— The cavity field amplitude is unaffected by the phase stabilization

even in the absence of amplitude feedback. Ja A
¢
> Ap
wirr
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Self-Excited Loop

« Resonators operated in self-excited loops in the absence
of feedback are free of ponderomotive instabilities. An
SEL is equivalent to the ideal VCO.

— Amplitude is stable
— Frequency of the loop tracks the frequency of the cavity

* Phase stabilization can reintroduce instabllities, but they
are easily controlled with small amount of amplitude
feedback

W
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Input-

Output Variables

Generator - driven cavity

Generator amplitude (V)

N
7

Field amplitude (V,)
| Ponderomotive

Detuning (o - @) |

v

R effects
Cavity phase shift (6,)

Cavity in a self-excited loop

Limiter output (V)

Loop phase shift (8)) .

Field amplitude (V,)

Pondermotive
. gffects

J)effe?son Lab

Loop frequency (o)

W
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Lorentz Detuning

During transient operation (rise time and decay time) the loop
frequency automatically tracts the resonator frequency. Lorentz
detuning has no effect and is automatically compensated

Amplitude (Norm.)

i

N+

TaWal
V.U

o
=

s 2 4

Detuning (Norm.)
wirr

D)ONTIDNION
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Microphonics

« Microphonics: changes in frequency caused by
connections to the external world

— Vibrations
— Pressure fluctuations

When phase and amplitude feedbacks are
active, ponderomotive effects can change the
response to external disturbances

.2 .
50, +r_5a)” +Q 6w, =202k V,’6v+n(t)
7

W
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Microphonics

Two extreme classes of driving terms:

« Deterministic, monochromatic
— Constant, well defined frequency
— Constant amplitude

e Stochastic

— Broadband (compared to bandwidth of mechanical
mode)

— Will be modeled by gaussian stationary white noise
process

W
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Microphonics (probability density)

Single gaussian

Noise driven

Bimodal

Single-frequency driven

Multi-gaussian

Non-stationary noise

105 3 T T T T T =
SNS M02, CAVITY 3 BACKGROUND MICROPHONICS HISTOGRAM SNS M03, CAVITY 1 BACKGROUND MICROPHONICS HISTOGRAM E e E,..= 8MV/m E
- — Fit -
0.06 -

0.09 .++  SDev= 56Hz 4 * Epoe= 0.2 MVim
0.08 SdDev=22Hz || e 10°F — Fit El
' : 008 - 1.6 Hz 3
3 007 5 - Crms= ]
€ 006 foos B ]
g S 10°F =
§ 005 % 0.03 E 3
S 0.04 £ a 3
2 2 0.02 B & 1
5 0.03 2 - E

S & 2 %
S 0.02 0.01 10°F % & =
0.01 F » N 3
' N o : : : : : : " * ]
0 t + = t ot t -20 -15 -10 5 0 5 10 15 20 L 4 x i
-20 -15 -10 -5 0 5 10 15 20 Cavity Detuning (Hz)
1 1 | o L
Cavity Detuning (Hz) 1 020 -10 0 10 20
A frequency (Hz)
805 MHz TM 805 MHz T™M 172 MHz TEM

umwm
—
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Microphonics (frequency spectrum)

TM-class cavities (JLab, 6-cell TEM-class cavities (ANL, single-spoke,
elliptical, 805 MHz, B=0.61) 354 MHz, p=0.4)
Rich frequency spectrum from Dominated by low frequency (<10 Hz)
low to high frequencies from pressure fluctuations
Large variations between Few high frequency mechanical
cavities modes that contribute little to
microphonics level.
| | | L | | I
SNS M02, Cavity 3, Bkgnd Microphonics Spectrum, 1W 0.8 -
e = 595 Hz
| =
’gl.E+oo 0;
gl.E-Ol ‘ Wﬂ M VM ”uﬁ il 50.4 '
: W U g
2 1E02 = v il ﬁ 0.2H
& o
- 0 60 1é° 180 240 300 360 DO 100 20{) 300 400 500 600 700 BDO 9001000

Frequency (Hz)

Vibration Frequency (Hz)

W
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Probability Density (histogram)

n(t)

: OW oy
3 Gu —

Harmonic oscillator (Q,t,) driven by:

Single frequency, constant amplitude White noise, gaussian
1.5 A
0
- 1 1 — 0.3
S 3
E'/ \a 0.2
0.5 A
0.1 4
1.2 -1 -0I.8 -0I.6 -0I.4 -OI.2U0 0.I2 0?4 0?6 0?8 1 12

3 25 -2 15 -1 05 0 05 1 15 2 25 3
S/ may

1 1 s \1
0w) = 0w) = exp| -1 2@
plow) ﬂ\/5wriax —ow° o) o,N27 i ZLG")J

.!effé?son Lab
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Autocorrelation Function
R () = (X(t) x(t +7)) =m%ﬂ x(t) x(t +7) dt

Harmonic oscillator (2 ,t,) driven by:
Single frequency, constant amplitude White noise, gaussian

IR f\/\/\/\/\/\
| | \WAWAWAW

-0.5 A

NI AR .

-1

r(t)

0

0 2 4 6

r(t)
—
S
—
<
=
<
9
q
R

T
‘T/Tﬂ‘

Rou(7) = cos(w,7) s, (7) = Ry, (7)

5w w2~ —cos(QQ 7)e
R, (0) R, (0) g

I, (7) =

' OL
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Stationary Stochastic Processes

X(t): stationary random variable

1T
Autocorrelation function: R, (7) =(x(t)x(t+7)) = !'LQO?IO X(t)x(t+7) dt

Spectral Density S (m): Amount of power between © and dw

S,(w) and R,(t) are related through the Fourier Transform (Wiener-Khintchine)
S (w) = 1 [ R(z)e™ds R(2)=[ S (0)e”do
27 9 0

Mean square value:
(X)=R0)=[ S, (0)do

W
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Stationary Stochastic Processes

For a stationary random process driving a linear

system
X(t) J Tlio)

> Y(t)

=+E8y(a))da)

=+ESX(a))da)

r) [ R,(z)]:auto correlation function of y(t) [x(t)]
S,(w) [S.(w)]:spectral density of y(t) [x(t)]

S, (@) = S, (@) [T (iw)[

IS ) [T (iw)[ deo
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Performance of Control System

Residual phase and amplitude errors caused by

microphonics

Can also be done for beam current amplitude and phase

fluctuations

Assume a single mechanical oscillator of frequency 2, and decay time 7,

excited by white noise of spectral density A’

n(t)

O oy

—

Gy

J)effegon Lab

Al
(Ta

> O¢

Page 41
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Performance of Control System

+00 +00 do
T
<dw. >= AZI|G#(iw)|2dw = Azj ), 2 0= A
-0 +—lo+Q 2Q)
—00 —00 T H
Y7
: 2
400 2Q2 +00 Ga(la))
<6v:>= A6, (i0)G, (i) do = <Sw? >—*~ 2 2| do
H a " Irr —a)2+—ia)+Qﬂ
—0 H T
Y7,
2
2 2+ : . \|2 2 ZQi+ (p(w)
<59 >=Aj|Gﬂ(lw)G¢(lw)| do = <60l > j . 2 | do
T —@ +—I(0+Qﬂ
—0 oo T/U

W
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The Real World

HZ!

Hz
h A O N Pk okr N ®w A~ O

.;eftgon Lab

Probability Density
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Microphonics
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The Real World

Probability Density

@D P
I

ool
P o ¢

;kz\
5

a M g P aq

\
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HE /021 \
/ 001 \
/ 0.005 \
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. Ay :
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211 YUV
” Time (sec)
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Probability Density
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The Real World

Probability density

I

o)
b 5 P

o d o

i(

N
5 dh D L d G

i . \
S e \
/ 0.005 \
; —’/. 6 .\.
-20 -15 -10 5 0 5 10 15
Hz
Microphonics
10
8
/
6
Nl A I\
, I INAWANN
5 o RVANAVAV:A
T T \/ \
20 0 0.04
-4 v
N U
o |
-10
Time (sec)
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Hz?

Probability density
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Piezo Control of Microphonics

FNAL, 3-cell 3.9 GHz

[y
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Piezo control of microphonics

MSU, 6-cell elliptical 805 MHz, p=0.49

Adaptive feedforward compensation
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Figure 2. Active damping of helium oscillations at 2K. Figure 3. Active damping of external vibration at 2K.
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SEL and GDR

« SEL are best suited for high gradient, high-

loaded Q cavities operated cw.

— Well behaved with respect to ponderomotive instabilities
— Unaffected by Lorentz detuning at power up

— Able to run independently of external rf source

— Rise time can be random and slow (starts from noise)

 GDR are best suited for low-Q cavities operated
for short pulse length.
— Fast predictable rise time
— Power up can be hampered by Lorentz detuning
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TESLA Control System
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Low level rf control development
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Basic LLRF Block Diagram
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Pulsed Operation

« Under pulsed operation Lorentz detuning can
have a complicated dynamic behavior

Cavity Pos. 3, Pulsed Power Response

Lorentz Force Detuning of D39 in Chechia
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Fig. 2: Lorentz force detuning measured for a TESLA

cavity at different gradients.
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Pulsed Operation

» Fast piezoelectric tuners can be used to compensate the
dynamic Lorentz detuning
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Figure 2. Lorentz force compensation at the TTF
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