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Storage Ring Basics

Now we will begin our review of storage ring basics. In particular,
we will cover:

— Ring Equations of Motion

— Betatron Motion

— Emittance

— Transverse Coupling

— Dispersion and Chromaticity

— Momentum Compaction Factor

— Radiation Damping and Equilibrium Beam Properties
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Equations of Motion

Particle motion in electromagnetic fields is governed by the
Lorentz force: dp - -

E:e(EWXB)
. N2 1/2
with the corresponding Hamiltonian: Hzc[mzchr(P—eA) } +ed
L_OH oA
o ax

For circular machines, it is convenient to convert to a curvilinear
coordinate system and change the independent variable from time
to the location, s-position, around the ring.

In order to do this we transform
to the Frenet-Serret

coordinate system.

The local radius of

curvature is denoted by p.

Reference Orbit
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Equations of Motion

With a suitable canonical transformation, we can re-write the
Hamiltonian as:
_ 1/2

~ H -ed 2 2 2
3{:-(1+%j ( Cze ) -m’c?—(p,—eA) —(p,—eA ) | —eA

C
and expanding to 2" order in p, and p, yields:

2
Using the relations E - 4 —ed P :\/E_Z_mzcz

- X | 1+x/p - 2 (o 2
H = p(1+pj+ 2 [(px eA) (P, eﬂy)} eA,

which is now periodic in s.
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Equations of Motion

Thus, in the absence of synchrotron motion, we can generate the equations of
motion with:

Lot o o 03
op, ox op, oy
which yields:
B 2
x”—ptxzi—y&(ljt—j , top/bottom sign for +/ - charges
P PP P
and
2
V. B, Py 1.2 Note: 1/Bp is the beam rigidity
Bp p P and is taken to be positive

Specific field configurations are applied in an accelerator to achieve the desired
manipulation of the particle beams. Thus, before going further, it is useful to
look at the types of fields of interest via the multipole expansion of the
transverse field components.
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Magnetic Field Multipole Expansion

\ Magnetic elements with 2-dimensional fields of the form

—

B=B,(X,y)X+B,(x,y)y
can be expanded in a complex multipole expansion:

B, (x,y)+iB, (X, y) = B, > (b, +ia, ) (x+iy)"

, 0'B "B
with b = |1|3 - ny and a, = |1|3 5@ £
N'By X" | oo 1B, X" |, 0o

In this form, we can normalize to the main guide field strength,
-By, by setting b,=1 to yield:

i(By+iBX)

1 N
> — (B, +iB,)=F=> (b, +ia,)(x+iy)" for +q

Po L n=0
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Multipole Moments

Upright Fields

Dipole:
- B — O i By = KX
Po Po
Quadrupole:
— B — ky i By = kx
Po Po
Sextupole'
e
-E—B._nmy -E—Byz m(xz—yz)
0 0
Octupole:
1
——-B “r(3x°y-y°
Pp = 6 ( )
—E—By:rlr(x3—3xy2)
Po

Skew Fields

Dipole (6 =90°):

B —B =0

y

Po Po

Quadrupole (6 =45°):

_B = ksew _B _ksewy
Po ‘ Po ‘
Sextupole (6 =30°):
€ 1 2 2
—B, =——m_ (X —
po X 2 skew( y)

B _mskewxy

Po

Octupole (6 =22.5°):

Po

Po

_B __é skew(xs_gxyz)

B = é rskew (3X2y_ y3)
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Equations of Motion (Hill's Equation)

We next want to consider the equations of motion for a ring with
only guide (dipole) and focusing (quadrupole) elements:

B, =$BO+%kX= B,(pkx¥1) and B, :%ky: B, pkx

Taking p=p, and expanding the equations of motion to first order in
X/p and y/p gives:

XK, ()x=0, K, (8)=—m—Tk(s)
prs)
y'+ Ky (S) y=0 Ky (S) - ik(s) also commonly

denoted as k;
where the upper/low signs are for a positively/negatively charged

particle.

The focusing functions are periodic in s: K., (s+L)=K,, (s)
X,y X,y
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Solutions to Hill's Equation

\ Some introductory comments about the solutions to Hill’s
equations:

— The solutions to Hill's equation describe the particle motion around a
reference orbit, the closed orbit. This motion is known as betatron
motion. We are generally interested in small amplitude motions around
the closed orbit (as has already been assumed in the derivation of the
preceding pages).

— Accelerators are generally designed with discrete components which
have locally uniform magnetic fields. In other words, the focusing
functions, K(s), can typically be represented in a piecewise constant
manner. This allows us to locally solve for the characteristics of the
motion and implement the solution in terms of a transfer matrix. For
each segment for which we have a solution, we can then take a particle’s
Initial conditions at the entrance to the segment and transform it to the
final conditions at the exit.
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Solutions to Hill's Equation

\ Let’'s begin by considering constant K=k:
X"+kx=0

where x now represents either x or y. The 3 solutions are:
X(s) =asin (\/ES)+ bCOS(\/ES), k>0 Focusing Quadrupole
x(s) =as+Dhb, k=0 Drift Region

X(s) = asinh (\WS) +bcosh (\WS), k <0 Defocusing Quadrupole

For each of these cases, we can solve for initial conditions and
recast In 2x2 matrix form:

X1 m, My [ %
X m,, My Xc’>

X =M(s|s,)%
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Transfer Matrices

We can now re-write the solutions of the preceding page in

transfer matrix form:

( cos(\/@) %sin(\/@)\

Whel‘e f — S_SO

\\\msinh (\/Wﬁ) cosh (\/Wf) ,

\—ﬁsin(ﬁf) cos(ﬁf) )
(1 ¢
\0 1]

/ cosh(\mf) ﬁsinh(\m@\

Focusing
Quadrupole

Drift Region

Defocusing
Quadrupole
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Transfer Matrices

Examples: 1

— Thin lens approximation: ¢/ —0, f=lim—
N ‘K‘g

N 1 0 y 1 0
focusmg ]/ f 1 defocusmg ]/ f 1

— Sector dipole (entrance and exit faces _L to closed orbit):

[ cos® psin@) (1 1) €

Meer =| 1 _. R 14 where 0 =—

r | —Zsin@ cosd - 1 0
N J LU P
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Transfer Matrices

Transport through an interval s, s, can be written as the product
of 2 transport matrices for the intervals s,—=s; and s; = S,:

M(s,[s,)=M(s,|s,)M(s,|s, )

and the determinant of each transfer matrix is: ‘I\/Ii‘ =1

Many rings are composed of repeated sets of identical magnetic
elements. In this case it is particularly straightforward to write the
one-turn matrix for P superperiods, each of length L, as:

P
My =| M(s+L[s)|
with the boundary condition that: (S n L‘S) — M (5)

The multi-turn matrix for m revolutions is then: [I\/I (S)]mp
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Twiss Parameters

The generalized one turn matrix can be written as:

=l cos®+Jsind
|dentity matrix
This is the most general form of the matrix. «o, 3, and y are known
as either the Courant-Snyder or Twiss parameters (note: they
have nothing to do with the familiar relativistic parameters) and @
IS the betatron phase advance. The matrix J has the properties:

vi cosD +aSind psin®
| —ysin®  cos®-asin®

J:(“ ﬂj, Pl fy=1+d’

The n-turn matrix can be expressed as: ppn — | cos nCD? +Jsin(nd)
which leads to the stability requirement for betatron motion:

‘Trace(l\/l)‘ —2cosd <2
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The Envelope Equations

We will look for 2 independent solutions to Hill's Equation of the

form: x(s)=aw(s)e"™ and x"(s)=aw(s)e™"
Then w and v satisfy: W+ Kw—ig — Q| Betatron envelope
W
. 1 and
W phase equations

Since any solution can be written as a superposition of the above
solutions, we can write [with w;=w(s;)]:

W . .
—£ COS Y — W, W, Siny W, W, Sin
Wl
M(82|31)_ 1 / / / /
(1+www,w, ) W W, W, .
—~ siny —| —=——= |cOSy  —-COSy +W,W, Siny
W1W2 W2 Wl W2
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The Envelope Equations

Application of the previous transfer matrix to a full turn and direct
comparison with the Courant-Snyder form yields:

W = f3
!/
az—ww’:—ﬁ

2
the betatron envelope equation becomes

- " _i ﬂlz
,B+K,B IB{1+ 4} 0

and the transfer matrlx In terms of the Twiss parameters can
Immediately be written as:

b (CosAy +a,sinAy) JBB, sinAy
M(s,|s,) = '
o, S|nAw+ cosAw A (cosAw a,SinAy)
BB, x/ﬂlﬂz
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General Solution to Hill's Equation

\ The general solution to Hill's equation can now be written as:

= AJB,(s)cos[w, (s)+4,] where "”X(S):josﬁ:j(ss)

We can now define the betatron tune for a ring as:

(Dturn — 1 s+C dS

27 27z% B(s)
If we make the coordinate transformation:

QX:VX:

where C =ring circumference

ds

1 ¢s
=—— and &(s)=
J_ YA
we see that particles in the beam satlsfy the equation for simple
harmonic motion:

d°z
—+v,2=0
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The Courant-Snyder Invariant

With K real, Hill's equation is conservative. We can now take

)=AJB(s)cos| v, (s)+¢, | and
x’(s)z—\/lr(s){ (s)cos| w, (s +¢o]+5i”[%(3)+¢oj}

After some manipulation, we can combine these two equations to
give:
Conserved - 12

quantity X° N OtX(S) ‘4 S\’
@ B(s) | JB.(5) i

Recalling that By = 1+a? yields:

A =e=y(s)x*(s)+2a(s)x(s)X'(s)+B(s)x*(s)
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Emittance

The equation X
7(8)X(8)+2a(s)X(s)X (5)+ A(s)X"(s) = Jre
describes an ellipse with area ne. “\/% : L7

following its own ellipse, we can

ﬁ/
For an ensemble of particles, each X
) ) _p Area@/g \W

define the moments of the beam as: a 1€
= [xp(x X o (X)= [ X p(x X dxa 7
o7 = [(x=(x)) p(xx)axdx o =[(x~(x)) p(xx)dxdx
7%, = [(x= () (X = (X))o (x X) i = o0,
The rms emittance of the beam is then \/G o’ —o? @

which is the area enclosed by the ellipse of an rms partlcle.
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Coupling

Up to this point, the equations of motion that we have considered
have been independent in x and y. An important issue for all
accelerators, and particularly for damping rings which attempt to
achieve a very small vertical emittance, is coupling between the
two planes. For the damping ring, we are primarily interested in
the coupling that arises due to small rotations of the quadrupoles.
This introduces a skew quadrupole component to the equations of
motion.

X"+K, (s)x=0 = x"+K,(5)X+Kyey=0

V' +K,(s)y=0 = y"+K,(5)y+KgeX=0

Another skew quadrupole term arises from “feed-down” when the
closed orbit is displaced vertically in a sextupole magnet. In this
case the effective skew quadrupole moment is given by the
product of the sextupole strength and the closed orbit offset

kskew — myco
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Coupling

For uncoupled motion, we can convert the 2D (x,x") and (y,y’)
transfer matrices to 4D form for the vector (x,x"y,y":

. I\/Ifocusing O . I\/IF O
M4D(S‘SO)_( 0 Mdefocusing)_i 0 Moj

where we have arbitrarily chosen this case to be focusing in x.
The matrix is block diagonal and there is no coupling between the
two planes. If the quadrupole is rotated by angle 6, the transfer
matrix becomes:

M M. cos® 8+Mysin® @ sinfcosd(M, —M;)
@ |sin@cos@(M,-M,) M, cos’@+M,sin’6

and motion in the two planes is coupled.
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Coupling and Emittance

Later in this lecture series we will look in greater detall at the
sources of vertical emittance for the damping rings.

In the absence of coupling and ring errors, the vertical emittance of
a ring is determined by the the radiation of photons and the fact
that emitted photons are randomly radiated into a characteristic
cone with half-angle 6,,~1/y. This quantum limit to the vertical
emittance is generally quite small and can be ignored for presently
operating storage rings.

Thus the presence of betatron coupling becomes one of the
primary sources of vertical emittance in a storage ring.
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Dispersion

In our initial derivation of Hill's equation, we assumed that the
particles being guided had the design momentum, p,, thus ignoring
longitudinal contributions to the motion. We now want to address
off-energy particles. Thus we take the equation of motion:

2
x”—ptxzi—y&L1+ﬁj
and expand to lowest ordéf in ~ 5° P ‘and” . which yields:

sote X
P P
o X"+K(s)x= ° |
We have already obtained a homogengas solution, x4s). If we

denote the particular solution as D(s)o, the general solution is:

X=X,(s)+D(s)s

October 31, 2010 A3 Lectures: Damping Rings - Part 1 24



Dispersion Function and Momentum Compaction

The dispersion function satisfies:

with the boundary conditions:

The solution can be written as the sum of the solution to the

D’ +K(s)D=1/p

homogenous equation and a particular solution:

|

D<s2>]:M(SZ|Sl)(D<sl>

D'(s,)

D'(s,)

Mo

which can be expressed in a 3x3 matrix form as:

(D
D

K

(
'(

s, ) )

1

S, )

i

D'(s,) |,
o)

V(s ls) d)/ D(s,))
1

\

D(s+L)=D(s); D'(s+L)=D'(s)

October 31, 2010
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Momentum Compaction

We can now consider the difference in path length experienced by
such an off-momentum particle as it traverses the ring. The path
length of an on-momentum particle is given by: C = Dj X045

Yo,
For the off-momentum case, we then have: AC = 5><Dj D(s ds= 1,0

|, Is the first radiation integral. P

The momentum compaction factor, o, is defined as:

. _AC/C |,
5 C
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The Synchrotron Radiation Integrals

|, is the first of 5 “radiation integrals” that we will study in this
lecture. These 5 integrals describe the key properties of a storage
ring lattice including:
— Momentum compaction
— Average power radiated by a particle on each revolution
— The radiation excitation and average energy spread of the beam

— The damping partition numbers describing how radiation damping is
distributed among longitudinal and transverse modes of oscillation

— The natural emittance of the lattice

In later sections of this lecture we will work through the key
aspects of radiation damping in a storage ring
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Chromaticity

An off-momentum particle passing through a quadrupole will be
under/over-focused for positive/negative momentum deviation.
This is chromatic aberration. Hill's equation becomes:

X"+| K, (s)(1-5)|x=0

We will evaluate the chromaticity by first looking at the impact of
local gradient errors on the particle beam dynamics.
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Effect of a Gradient Error

We consider a local perturbation of the focusing strength
K = K,+AK. The effect of AK can be represented by including a
thin lens transfer matrix in the one-turn matrix. Thus we have

" 1 0
ML ZAKYe 1

\ (cos®+asin® Bsin ®
ume —ysind cos®—asin®

and

(cosD, +asind, Bsin®, 1 0
:\ —ysSin®d, cos D, —a sin CDO)(—AKE 1)
With &=d+A®, we can take the trace of the one-turn matrix to
give:

cos(D, +AD) =cos D, —%,BAKésin ON
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Effect of a Gradient Error

Using the relation:  cos(®, +A®)=cos ADcos P, —sin ADsind,

we can identify: AD ~ = BAK Y
2

Thus we can write: AQ = 4i SAKY
T

and we see that the result of gradient errors is a shift in the
betatron tune. For a distributed set of errors, we then have:

1
AQ=— [ﬁ BAKdSs

which is the result we need for evaluating chromatic aberrations.

Note that the tune shift will be positive/negative for a
focusing/defocusing quadrupole.
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Chromaticity

We can now write the betatron tune shift due to chromatic
aberration as:

AQ =$[ﬁﬂAde z—%mﬂKdS

The chromaticity is defined as the change in tune with respect to
the momentum deviation:
c-R
00

Because the focusing is weaker for a higher momentum particle,
the natural chromaticity due to quadrupoles is always negative.
This can be a source of instabilities in an accelerator. However,
the fact that a momentum deviation results in a change in
trajectory (the dispersion) as well as the change in focusing
strength, provides a route to mitigate this difficulty.
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Sextupoles

Recall that the magnetic field in a sextupole can be written as:

1
—B = —B == —
0. = MXy IOOB 2m(x y )

Using the orbit of an off-momentum particle xzxﬂ(5)+ D(s)5

we obtain FB —mD(s)8y, (s)+mx, (s)y
0
and p—B =mD(5)3X, (5)+ 2 mD* (5)* +--m[ X5 (5) - Y3 (5)]
0
where the first terms in each expression are a quadrupole feed-
down term for the off-momentum particle. Thus the sextupoles can

be used to compensate the chromatic error. The change in tune
due to the sextupole is

AQ = E mD(s)B(s)ds
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Summary

\ During the last portion of today’s lecture, we have begun our walk
through the basics of storage/damping ring physics.

We will pick up this discussion tomorrow with the effect known as
radiation damping which is central to the operation of all lepton
collider, storage and damping rings.

Once we have completed that discussion we will look in greater
detall at the lattice choices that have been made for the damping
rings and how these lattices are presently being forced to evolve.

In the first part of today’s lecture we had an overview of the key
design issues impacting the damping ring lattice. The homework
problems will provide an opportunity to become more familiar with
some of these issues.
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