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lusion and OutlookWhy on�shell renormalisation 
onstants?
urrent and future experimentshigh a

ura
y for quark masses neededBr(B → Xeν̄) ∝ m5
bpole mass 
an only be extra
ted with ambiguity of order ΛQCD

 Renormalonstrade the pole�mass in for MS�mass: still large perturbative
orre
tions
 use �short distan
e� mass de�nitions:potential subtra
ted mass [Beneke '98℄1S mass [Hoang, Teubner '98℄kineti
 mass [Bigi et al. '97℄
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ted Massperturbative series of Coulomb potential is better behaved inmomentum spa
e than in 
oordinate spa
e
 use 
ut-o� for Fourier transformationsubtra
ted potential

V (r, µf ) = V (r) + 2 δm(µf )

δm(µf ) = −
1

2

∫

|q|<µf

d3q

(2π)3
Ṽ (q)

 potential subtra
ted mass
mPS(µf ) = Mpole − δm(µf )
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mPS(µf ) = Mpole − δm(µf )

=

(
Mpole

m̄(m̄)

)

m̄(m̄) − δm(µf )

= m̄(m̄)

[

1 +
αs(m̄(m̄))

π
CF

(

1 −
µf

m̄(m̄)

)

+ O
(
α2

s

)
]

large perturbative 
orre
tions in Mpole

m̄

an
el with δm(µf )

 pre
ise determination of MS massrelation between pole and MS mass is ne
essary
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SF (q) =

−iZOS
2

q/−mq,0 + Σ(q,Mq)

q2→M2
q

−→
−i

q/−Mqwith
mq,0 = ZOS

m Mq , ψ0 =
√

ZOS
2 ψ

Σ(q,mq) = Mq Σ1(q
2,Mq) + (q/−Mq)Σ2(q

2,Mq)

ZOS
m is IR��nite, gauge�invariant quantity, ZOS

2 is notMass relation
mq,0 = ZMS

m m̄q −→
ZOS

m

ZMS
m

=
m̄q(µ)

Mqno ǫ�poles left
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lusion and OutlookComputation of the renormalization 
onstantsintrodu
e 4�ve
tor Q with q = Q(1 + t) and Q2 = M2
qProje
tor

Tr

{
Q/+Mq

4M2
q

Σ(q,Mq)

}

=

Σ1(M
2
q ,Mq)

︸ ︷︷ ︸

ZOS
m −1

+

(

2M2
q

∂

∂q2
Σ1(q

2,Mq)
∣
∣
∣
q2=M2

q

+Σ2(M
2
q ,Mq)

︸ ︷︷ ︸

(ZOS
2 )

−1
−1

)

t

Renormalisation: insertion of mass 
ounterterms
∝MqΣ1(M

2
q ,Mq) in lower order diagrams
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lusion and OutlookOn-Shell Quark Mass and Wave Fun
tion Renormalisationne
essary input for (multi-) loop 
al
ulations
Zm determined from on-shell self-energy diagrams
Z2 determined from derivative of self-energies

 subset of on-shell self energy diagrams
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lusion and OutlookDimensional Regularisation['t Hooft, Veltman '72℄
omplex number of dimensions: d = 4 − 2ǫregulates UV and IR divergen
ies
Zm and Z2 are known up to O

(
α3

s

) in massless approx.
O (αs): Zm [Tarra
h '80℄
O

(
α2

s

):
Zm [Gray, Broadhurst, Grafe, S
hil
her '90℄
Zm and Z2 [Broadhurst, Gray, S
hil
her '91℄

O
(
α3

s

):
Zm: semi-numeri
al [Chetyrkin, Steinhauser '99, '00℄,estimation of 
harm�mass e�e
ts [Hoang '00℄
Zm and Z2: analyti
al [Melnikov, van Ritbergen '00℄independent 
on�rmation of analyti
al results[Marquard, Mihaila, Pi
lum, Steinhauser '07℄
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α3

s

) with nonzero light quark mass

great 
hallenge: two�s
ale three loop diagrams
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 Topologies
after taking tra
e: s
alar integrals
Z2 in
ludes derivative of self�energy and is gauge�dependent
 up to 5 dots and 5 powers of s
alar produ
ts neededIntegration By Parts

∫

d3dℓ1,2,3
d

dℓµi
vµ I

(
q2 = M2

q ,Mq,Mf

)
= 0use relations to redu
e integrals to master integrals
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lusion and OutlookFeynman diagramsgenerated with QGRAF [Nogueira '91℄various topologies are identi�ed withq2e and exp [Harlander '97, Seidensti
ker '99℄Laporta Algorithm [Laporta '96℄Crusher: Implementation written in C++ [Marquard, DS '06℄uses GiNaC for simple manipulations
oe�
ient simpli�
ation done with Fermat
 interfa
e from [Tentyukov '06℄automated generation of the IBP identities
omplete symmetrization of the diagramsuse of multipro
essor environment
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2 MI’s 2 MI’s 2 MI’s 2 MI’s

2 MI’s 2 MI’s

3 MI’s 2 MI’s



Introdu
tion Renormalization 
onstants S
alar Integrals Results Con
lusion and OutlookCal
ulation of Master Integralstwo independent methods usedMellin�Barnes
1

(K −M)λ
=

1

(K)λ
1

Γ(λ)

1

2πi

∫

γ

ds

(

−
M

K

)s

Γ(−s)Γ(λ + s)trade massive propagator for massless onesimplify Feynman integral representations
 at most 4-dimensional representation for 
ompli
ated integrals(
al
ulated with MB.m [Czakon '05℄)partially 
he
ked with AMBRE [Gluza, Kajda, Riemann '07℄
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d

dz

∫

d3dℓi
1

(
ℓ21 − z2

)
· · ·

= 2z

∫

d3dℓi
1

(
ℓ21 − z2

)2
· · ·

+ . . .

d

dz
=

(d − 4)

z

−

2(d − 3)

M2
q (z − 1)z(z + 1)

−

4(d − 4)

(d − 3)(z − 1)z(z + 1)
•

+ . . .homogenious part trivialsolution expressable in terms of �standard� HPL'sin prin
iple up to any desired order in ǫinitial 
onditions known from nm = 0 
al
ulation
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= −

2Zeta(3)
ǫ

+
4

3
π2HPL({0}, z)z2 − 12HPL({0, 0}, z)z2 + 16HPL({0, 0, 0}, z)z2

−π2(z − 2)z +
10

3
π2HPL({−2}, z) −

5

3
π2

`

z2 − 1
´HPL({−1}, z)

−
1

3
π2

`

z2 − 1
´HPL({1}, z) +

2

3
π2HPL({2}, z) − 8HPL({−3, 0}, z)

−4
`

z2 + 1
´HPL({−2, 0}, z) + 2(z + 1)(3z − 1)HPL({−1, 0}, z)

+
`

−6z2 + 4z + 2
´HPL({1, 0}, z) + 4

`

z2 + 1
´HPL({2, 0}, z) + 8HPL({3, 0}, z)

+16HPL({−2, 0, 0}, z) + 8HPL({−2, 1, 0}, z) +
`

8 − 8z2
´HPL({−1, 0, 0}, z)

+
`

4 − 4z2
´HPL({−1, 1, 0}, z) +

`

4 − 4z2
´HPL({1,−1, 0}, z)

+8
`

z2 − 1
´HPL({1, 0, 0}, z) + 8HPL({2,−1, 0}, z) − 16HPL({2, 0, 0}, z)

+6
`

z2 − 2
´

ζ(3) −
π4

30Simpli�
ation and numeri
al evaluation done with HPL.m[Maitre '05,'07℄
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 solution for 2 topologies
d

dz
= . . .

+
4

M2
q

„

2

z
+

1

z + 1
−

4

2z − 1
−

4

2z + 1
+

1

z − 1

«

+ . . .�wrong� pole stru
ture  no transformation foundanalyti
 results up to ǫ−1Mellin�Barnes: 1-dimensional sums left after z�expansion
 su�
ient numeri
al pre
ision for phenomenology
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zm(µ) =

ZOS
m

ZMS
m

=
m̄q(µ)

Mq

= 1 +
αs(µ)

π
δz

(1)
m +

„

αs(µ)

π

«2

δz
(2)
m

+

„

αs(µ)

π

«3

δz
(3)
m + O

`

α4
s

´

δz
(2)
m = C2

F zF F
m + CF CA zF A

m + CF TF nlz
F L
m + CF TF nhzF H

m + CF TF nmzF M
m

δz
(3)
m = C3

F zF F F
m + C2

F CA zF F A
m + CF C2

A zF AA
m

+ CF TF nl

“

CF zF F L
m + CA zF AL

m + TF nl zF LL
m + TF nh zF HL

m + TF nm zF ML
m

”

+ CF TF nh

“

CF zF F H
m + CA zF AH

m + TF nh zF HH
m + TF nm zF MH

m

”

+ CF TF nm

“

CF zF F M
m + CA zF AM

m + TF nm zF MM
m

”

zi
m 
ontaining fa
tor nm depend on ratio of OS-quark masses
z = Mf/Mqall zi

m depend on lnµ/Mq
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preliminary results at µ = Mqknown results at z = 0, 1 reprodu
ed
zFAM
m enhan
ed by 
olor fa
tor
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last missing pie
e of 3�loop MS�on�shell relation 
al
ulatedLaporta�implementation 
apable of dealing with biggerproblems
ombination of analyti
al and numeri
al results su�
ient forphenomenologi
al treatmentresults for Z2 have to be worked outmass shift in b�mass determination
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