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e+e−→ t t̄



     threshold scan: t̄t

Top‐an3top threshold @ lepton colliders 

•  Nonpert. effects suppressed 
       [Fadin, Khoze, ‘87] 

•  No sharp resonance peaks 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[Seidel, Simon, Tesar, Poss, ‘13] 

Γt ≈ 1.5 GeV" ΛQCD

v! 1

•  Nonrela3vis3c regime 

•  Mul3ple scales 



     threshold scan: t̄t

Top‐an3top threshold @ lepton colliders 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[Seidel, Simon, Tesar, Poss, ‘13] 

Experiment (simula3on): 

∆mt < 100 MeV

∆Γt ∼ 30 MeV

[Mar3nez, Miquel, ‘02] 

∆αs ∼ 0.001

∆yt/yt ∼ 35%

[Seidel, Simon, Tesar, Poss ‘13] 

∆σtot/σtot ! 3%
Theory goal: 



QCD near      threshold: 

m ! !p∼mv ! Ekin∼mv2

v ∼ αs " 1

hard  sof  ultrasof 

(! ΛQCD )

mul3scale problem: 

•  “Coulomb singulari3es” 

•  Large logarithms 

∼ (αs/v)n

∼
[
αs ln(v)

]n

⇒ Resumma3on using Effec3ve Field Theory 

Theory: NRQCD 

t̄t “nonrela3vis3c bound state” 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•  LO:  top decay (                  ) 

[Fadin, Khoze, ‘87] 

EW effects: 

veff ≡
√√

s−2mt

mt
→

√√
s−2mt+iΓt

mt
; |veff | ! 0.1

[Hoang, Reisser, Ruiz‐Femenia, ‘10] 
[Beneke, Jantzen Ruiz‐Femenia, ‘10] 

Theory: NRQCD 

“IR cutoff” 

talk by Ruiz‐Femenia 

Γt ≈ 1.5 GeV" ΛQCD

•  Higher orders:  known to NNLL 

t→W+b
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Problem of Coulomb singulari3es: 

@Threshold:              ⇒  breakdown of perturba3on theory 

Solu3on: 

Nonrela3vis3c EFT:  (v)NRQCD 

Use Schrödinger Equa3on to resum                    terms ! (αs/v)n

q̄

q

q̄

q

q̄

q

q̄

q

v ∼ αs " 1

Theory: NRQCD 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Problem of large logarithms: 

Solu3on: 

Two renormaliza3on scales:  µs = mν, µu = mν2 “v”NRQCD 

ν “subtrac3on velocity” 

RGE’s resum  [αs ln v]n , αs [αs ln v]n , α2
s [αs ln v]n ...  terms 

LL  NLL  NNLL 

m ! !p∼mv ! Ekin∼mv2

hard  sof  ultrasof 

αs ln(E2/m2), αs ln(p2/m2), αs ln(E2/p2) ∼ αs ln v ∼ 1

Theory: NRQCD 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vNRQCD 

sof gluon: kµ∼mv

ultrasof gluon: 

poten3als: 

effec3ve produc3on/annihila3on current: 

kµ∼(mv2,mv)

power coun3ng  
  in                                 v ∼ αs

Vc Vr,2,k

+ ...+

{

[Luke, Manohar,  
Rothstein, ‘00] 

c1 

nonrel. quark: kµ∼(mv2,mv)

kµ∼mv2
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Theory: NRQCD 



σtot∼ Im
[

]

+ + +

+ +

+ +...+ +...+

+ ...+

+...

+ ...

Vr,2,k

+...

c1 Vc

vNRQCD 

sof gluon: kµ∼mv

ultrasof gluon: 

poten3als: 

effec3ve produc3on/annihila3on current: 

kµ∼(mv2,mv)

power coun3ng  
  in                                 v ∼ αs

Vc Vr,2,k

+ ...+

{

[Luke, Manohar,  
Rothstein, ‘00] 

c1 

nonrel. quark: kµ∼(mv2,mv)

kµ∼mv2
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Theory: NRQCD 



[Hoang, Manohar, Stewart, Teubner; 2002] 
[Pineda, Signer; 2006] 

[Beneke, Kiyo, Schuller; 2007] 

NNLL known ✓ 

N3LO known ✓ 

Total cross sec3on at NNLL 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σtot(s)∼ Im
[
c1(ν)2 · G(0, 0,E, ν) + . . .

]



Total cross sec3on at NNLL 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[Luke, Manohar, Rothstein; 2000] 
[Pineda; 2002]  [Hoang, Stewart; 2003] 

NLL: 

current 
renormaliza3on 

c1  V 

LL 

σtot(s)∼ Im
[
c1(ν)2 · G(0, 0,E, ν) + . . .

]



Total cross sec3on at NNLL 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σtot(s)∼ Im
[
c1(ν)2 · G(0, 0,E, ν) + . . .

]

NNLL: 
c1  V 

NLL 
current 

renormaliza3on 
“mixing”  “nonmixing”  [Hoang, ‘03] 



Total cross sec3on at NNLL 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σtot(s)∼ Im
[
c1(ν)2 · G(0, 0,E, ν) + . . .

]

NNLL: 
c1  V 

NLL 
current 

renormaliza3on 
“mixing”  “nonmixing” 

renormalize 

[Hoang, MS, 2006/2011] 
[Pineda, 2011] 

[Hoang, ‘03] 



Total cross sec3on at NNLL  

29.05.2013  Maximilian Stahlhofen ‐ DESY  ECFA LC2013   ‐  15  

σtot(s)∼ Im
[
c1(ν)2 · G(0, 0,E, ν) + . . .

]
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[Hoang, MS, ‘11] 

c1(ν)
c1(1)

NLL 

NNLL 

ν

uncertainty from missing 
sof mixing terms 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Total cross sec3on at NNLL  

ν = 0.15
M1S

t = 172 GeV, Γt = 1.5 GeV



ν∗ = 0.05 + |veff |
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Theory error from scale uncertain3es 

µhard = hm

µsoft = hmν

µusoft = hmν2

scale varia3on: 

default choice: 

matching scale: 

renormaliza3on scales: 

h = 1

mν2
∗/2 ≤ µusoft ≤ 2mν2

∗

“Unphysical” scales: 

0.5 1.0 1.5 2.0
0.5

1.0

1.5

2.0

ν

ν∗

h

1/2 ≤ h ≤ 2

veff =

√√
s− 2m− iΓt

m
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1/2 ≤ h ≤ 2

mν2
∗/2 ≤ µusoft ≤ 2mν2

∗

∆σ/σ ≈ 4.5%NNLL peak: 

Theory error from scale uncertain3es 

M1S
t = 172 GeV, Γt = 1.5 GeV
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h = 1

1/2 ≤ ν/ν∗ ≤ 2

Theory error from scale uncertain3es 

M1S
t = 172 GeV, Γt = 1.5 GeV
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1/2 ≤ h ≤ 2

ν = ν∗

Theory error from scale uncertain3es 

M1S
t = 172 GeV, Γt = 1.5 GeV
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Theory error from scale uncertain3es 

344.0 344.1 344.2 344.3 344.4 344.5

LL 

NNLL 

NLL 

1/2 ≤ h ≤ 2 mν2
∗/2 ≤ µusoft ≤ 2mν2

∗

Uncertainty for peak posi3on:  M1S
t = 172 GeV, Γt = 1.5 GeV

√
s (GeV)

renormalon 
cancela3on 
at work! 



Summary/Outlook 

•  precise                                from        threshold @ LC 
 
•       

•          known up to NNLL ✔ 

•  New              at NNLL (good approxima3on) ✔ 
 
•  EW conribu3ons up to NNLL ✔

•                               (NNLL peak) 

•  Stable peak posi3on: 

 
•  More detailed error analysis soon! 

G(0, 0,E, ν)

mt, yt,αs, Γt t t̄

W.I.P 

σtot ∼ Im
[
c1(ν)2 · G(0, 0,E, ν)

]
+ . . .

c1(ν)
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∆σ/σ ≈ 4.5%

∆M1S,QCD
t ∼ 20 MeV



Backup 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h = 1

0.1 ≤ ν ≤ 0.4

Theory error from scale uncertain3es 



Top‐an3top threshold: EW effects 
 

e+e−→ t t̄
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Top‐an3top threshold: EW effects 
 

•  Power coun3ng: 

•  Physical final state: 

•  Apply loose invariant mass cuts on reconstructed tops/an3tops: 
 
 
               no effect on resonant contribu3ons! 
               non‐resonant background suppressed: 

Γt/mt ∼ αEW ∼ α2
s ∼ v2 " 1

e+e−→W+W−bb̄

p2
t,̄t = (mt ±∆Mt)2 = m2

t + Λ2 mtΓt ! Λ2 ! m2
t

E =
√

s− 2mt → E + iΓtLO:  (replacement rule) 

unstable top propagator: 
i

E/2 + p0 − p2/(2m) + iΓt/2 [Fadin, Khoze, ‘87] 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Top‐an3top threshold: EW effects 
 Beyond LO: 

•  QED: “Coulomb photon”          trivial extension of QCD correc3ons 

•  Gluon exchange with final state         negligible at NLO and NNLO 

 
•  Correc3ons to current matching: 

[Fadin, Khoze, Mar3n ‘94] 
[Melnikov, Yakovlev ‘94] 

[Hoang, Reisser ‘05] 
[Beneke, Jantzen, Ruiz‐Femenia ‘10] 

complex matching 

c1(1) = cborn
1,LL + cQCD

1,NLL + cQCD
1,NNLL + i cbW,abs

1,NNLL + cEW
1,NNLL + . . .

[Hoang, Reisser ‘06] 

[Kuhn, Guth ‘92] 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Top‐an3top threshold: EW effects 
 Beyond LO: 

•  QED: “Coulomb photon”          trivial extension of QCD correc3ons 

•  Gluon exchange with final state         negligible at NLO and NNLO 

 
•  Correc3ons to current matching: 

 

•  “Phase space matching” for           to allow for     cuts:  NLO, NNLO, N3LO ✔ 

[Fadin, Khoze, Mar3n ‘94] 
[Melnikov, Yakovlev ‘94] 

[Hoang, Reisser ‘05] 
[Beneke, Jantzen, Ruiz‐Femenia ‘10] 

c1(1) = cborn
1,LL + cQCD

1,NLL + cQCD
1,NNLL + i cbW,abs

1,NNLL + cEW
1,NNLL + . . .

phase space 
 divergence 

sums phase space logs in           at NLL ✔  C(ν)

[Hoang, Reisser,  
Ruiz‐Femenia ‘10] 

σtot ∼ Im
[
c1(ν)2 G(0, 0,E + iΓt, ν)

]
∼ αsΓt

ε
+ finite

i C(ν) ·

C(ν) Λ
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Top‐an3top threshold: EW effects 
  dashed line: NNLL pure QCD predic3on 

(add step by step) 
+ NNLL QED effects 
+ NNLL EW current matching (real)  
+ NNLL EW current matching (absorb3ve) 
+ NLL+NNLL+N3LL phase space 
   matching contribu3ons (psm) 

∆Mt = 15 GeV

∆Mt = 35 GeV

psm ! 50%

psm ∼ 5−10%

Shif in peak posi3on: 30‐50 MeV 

large psm correc3on due to unphysical  
phase space in pure QCD predic3on 

[Hoang, Reisser,  
Ruiz‐Femenia ‘10] 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Associated Higgs produc3on 

e+e−→ t t̄ H
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•  For light Higgs (                            ):  full       phase space nonrela3vis3c! 
           must sum               ,                  terms         recycle       results (vNRQCD) 
           factor 2 enhancement over tree level (+ factor 2 from polarized beams) 

Associated Higgs produc3on: e+e−→ t t̄ H

[Farrell, Hoang; 2006] 

LO 

NLO 

resummed NLL (QCD) 

•  realis3c studies:                                                                     ? 

(αs/v)n (αs ln v)n

(δyt/yt)ILC
500GeV ∼ 30% → 10− 15% [Juste, ’02,’06] 

mH ≈ 120 GeV t t̄
t t̄

√
s ≈ 500 GeV

(ILC phase 1) 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Recycle       results:                           , 

Associated Higgs produc3on: 

•  Dominant contribu3ons from Higgs radia3ng of the top/an3top 

•  precise extrac3on of top Yukawa coupling possible 
•  At large         endpoint:         dynamics nonrela3vis3c 

•  For                                   (ILC phase 1) and                                  : 
    full       phase space nonrela3vis3c !!!          must sum                 ,                       ! 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NLO matching 

[Denner, 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